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Abstract

This paper is devoted to constructing an affine toric variety from a non-primitive
T-semigroup of genus 9 generated by 5 elements such that the monomial curve associated

with the 7-semigroup is a specialization of the affine toric variety.
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§1. Introduction.

Let No be the additive semigroup of non-negative integers. A subsemigroup H of Ny is called a
numerical semigroup if its complement No\H is a finite set. When H is a numerical semigroup, the
cardinality of the set No\H is called the genus of H, which is denoted by g(H). For a positive integer
n a numerical semigroup H is said to be an n-semigroup if the minimum positive integer in H is n. Let
C be a complete non-singular irreducible algebraic curve of genus g over an algebraically closed field
k of characteristic 0. For any point P of C, H(P) denotes the set of integers which are pole orders
at P of regular functions on C\{P}. Then H(P) is a numerical semigroup of genus g. A numerical
semigroup H is said to be Weierstrass if there exists a pointed curve (C, P) such that H = H(P).
It is known that any numerical semigroup of genus g < 8 is Weierstrass')'?. An n-semigroup H is
said to be primitive if the largest integer not in H is less than 2n. We already showed that every
primitive numerical semigroup of genus 9 is Weierstrass®. Moreover, we know that for any n < 5
every n-semigroup is Weierstrass®)®®). We are interested in non-primitive n~semigroups of genus 9
for n 2 6. By the way there is only one non-primitive n-semigroup of genus 9 with n 2 8. The unique
semigroup Hg is generated by 8,10,11,12,13,14 and 15. It was proved that Hjg is Weierstrass”). We
want to study on all non-primitive 7-semigroups of genus 9 generated by 5 elements, which are the

following 4 semigroups :
<70910,11,12 >, <7,9,10,11,13 >, < 7,8,11,12,13 > and <7,9,10,12,13 >

where for any positive integers by, ba, ..., b, the semigroup generated by by, bs,. .., by, is denoted by
< by,by,...,b, >. In this paper from each H in the above 4 semigroups we construct an affine
toric variety such that the monomial curve associated with H is a specialization of the affine toric
variety, because we know that if we can construct such an affine toric variety from a given numerical
semigroup, then the numerical semigroup is Weierstrass® . We treat the semigroups < 7,9,10,11,12 >,
<17910,11,13>,<7,8,11,12,13 > and < 7,9, 10, 12,13 > in Sections 2, 3, 4 and 5 respectively.

91




92

AN R ZE#HR S B-30 (2006)
§2. On the 7- semigroup generated by 7,9,10,11 and 12.
Let H be the 7-semigroup generated by a; = 7,a2 = 9,a3 = 10,a4 = 11 and a5 = 12. We set
a; = min{a € Zyo | @a; €< ay,...,8i-1,8i41,...,a5 >}
fori=1,2,...,5. Then we get
ay=3and ax = a3 =ag = a5 = 2.
In fact, we have
3a; = ag + a5, 2a2 = a1 + a4, 2a3 = as + a4, 2a4 = a3 + a5 and 2a5 = 2a; + a3.

We want to determine the relations

5 5
Zp,,-ai = Zuiai with p;v; =0,0 £ p; < a; and 0 £ y; < o for all 5.

The following table on the sum of two elements is used:

a1=7|2a1=14|a2=9|a3=10 | ag =11 | a5 =12
a1 =17 - - 16 17 18 19
201 =14 - — 23 24 25 26
ay =9 - — — 19 20 21
a3 =10 - — — - 21 22
ag =11 — — — - - 23
as = 12 — - - - - =

Considering the above table and the equalities

a1+ az+ a3+ ag+as =49 and 2a; + as + a3z + a4 + a5 = 56
we get the desired relations

a1 +as =az +as, az + as = az + a4 and 2a; + ay = aq4 + as.

Let og : k[Xy,...,X5] — k[H] = k[t"]nen be the k-algebra homomorphism sending X; to #%.
We want to show that the ideal Iy = Ker ¢y is generated by the polynomials associated with the
above eight relations where for example we associate the polynomial X?X, — X4X5 with the relation
2a1 + a3 = a4 + as. Let J be the ideal generated by the polynomials associated with the above eight
relations. It suffices to check that J contains the polynomial f associated with the relation
5 5

Zmai = Z v;a; with p;v; =0, 0 £ p; and 0 < y; for all 4.

i=1 i=1
Considering the generators of J we may assume that u; > a; for some i.

Let i = 1. Then we may assume that f = X{"X§? X} — X3*X{* € Iy, because the relation
3a; = a2 + a5 belongs to the set R of the eight relations. Moreover, the relations 2a3 = ag + aq,
2a4 = a3 + a5 and a3 + a4 = a2 + a5 are contained in the set R. Hence, we may decrease the degree of
f

Let i = 2. Then we may assume that f = X52? X{" X}* — X3* X" € Iy. The relations 2a3 = ay + aq,
2a5 = 2a1 + a3 and 2a4 = a3 +as are contained in the set R. Hence, we may decrease the degree of f.

Let i = 3. Then we may assume that f = X{°X5? X" — X{"X}* € Iy. If 1y 2 oy = 3, using

3a; = a2 + a5 we may decrease the degree of f. If »; =1 or 2, then v5 2 1. Using a; + a5 = as + a3



On 7-semigroups of genus 9 generated by 5 elements (K H)

we may decrease the degree of f. Hence, we may assume that v; = 0 and 5 2 a5 = 2. Using
2a5 = 2a; + a3 we may decrease the degree of f.

Let i = 4. Then we may assume that f = X[*X{*XE® — X1 X)? € Iy. If 1 2 a1 = 3, using
3a; = az+ a5 we may decrease the degree of f. If v» 2 as = 2, using 2a, = a; +a4 we may decrease the
degree of f. Hence, we have vo = 1. If v; = 1, this contradicts ug = 2. If v; = 2, using 2a;+a2 = ag+as
we may decrease the degree of f.

Let i = 5. Then we may assume that f = X{* X" X5® — X32X* € Iy. g 2 2 0r vy 2 2,
using 2as = a; + a4 and 2a4 = a3 + a5 we may decrease the degree of f. Hence, we may assume that
vy = v4 = 1, which contradicts us = as = 2. Hence, we get Ker pg = J.

When we set
Q12 = Q5 = Q9] = Qg4 = Q32 = (34 = 43 = 045 = 1, o531 = 2 and a3 =1,

the above eight relations, which form a system of generators for the ideal Ker ¢y, are written in the

following way:

(a21 + as1)a; = 1202 + 1505 (1)
(12 + asz2)az = az1a; + 02404 (2)
(43 + as3)a3 = azzaz + 03404 (3)
(24 + a34)ag = agzaz + agsas (4)
(15 + ags)as = asia1 + as3az (5)
Q2101 + Q4505 = 1202 + 05303 (6)
Q3202 + 04505 = 5303 + (2404 (M
5101 + Q3202 = Q2404 + 01505. (8)

When !(n) means the equation whose right side (resp. left side) is the left side (resp. right side) of the

equation (n), we get
(5) ="(1)+*(2) +*(3) +*(4), (6) =*(2) +"(3) +*(4), () =*(3) +"(4) and (8) = (1) + (2).

Hence, the relations (1), (2), (3) and (4) form a fundamental system of relations between a3, a2, as,
a4 and as. Using the relations (1), (2), (3) and (4) we associate the vectors b;’s in Z8 (i = 1,...,10)
with agi1a1, as101, Q12a2, (3202, (4303, 5303, 1505, 2404, 3404 and a4sas respectively, where
b; = e;, i.e., the unit vector in Z whose i-th component is 1 and the other components are 0,
br = (1,1,-1,0,0,0), bg = (—1,0,1,1,0,0), by = (0,0,0,—1,1,1) and byo = (—1,0,1,0,0,1). Let S
be the subsemigroup of Z® generated by by, ...,b;o. We want to show that S is saturated, i.e., nr € S

with n € N and r € Z8 implies that r € S. To prove that S is saturated it suffices to show that
10 10

E R, b; N Z¢ C S where R, is the set of non-negative real numbers. Let us take b € E R, b; NZS.
=1 i=1
10

We may assume that b = Z Asb; with 0 £ \; < 1 for all 5. If we set b = (p4, ..., ug), then we get

i=1

p1= A1+ A7 — Ag — Ay, p2 = A2 + A7, 3 = A3 — Az + Ag + Aqo,

pa = Ag+ Ag — Ao, s = As + Ao and pe = A + Ag + Ao.

Since b € Z%, we get y; = —lorOor1and p; 2 0foralli 22. If yy =0or 1, thenb € S. If y; = —1,
then we must have u3 = 1 and g = 1. Hence, we may assume that b = (—1,0,1,0,0,1) = byg € S.
Therefore, S is saturated. Using the above result we may construct an affine toric variety such that the

monomial curve Spec k[H] associated with H is a specialization of the affine toric variety. In fact, let
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n: k[Yi,...,Y10] — k[S][X1,...,X5] be the k-algebra homomorphism sending ¥; to T — g; for all
i where k[S] = k[T*]ses is the semigroup algebra over k associated with S and g;’s (i = 1,...,10) in
k[X1,..., Xs] are the monomials derived from az1a1, asi1a1, a12az, azzaz, ausas, assas, aisas, azgay,
asgay and aysas respectively. Then we get a fiber product as follows:

Spec k[H] — Spec k[S][X1,...,X5]
! a 1
Speck &  Spec k[Y1,...,Y10]

where p sends the unique point to the origin of Spec k[Y1, ..., Y10]. Here, Spec k[S][X1,..., Xs] is an
affine toric variety, because S is saturated. Using the above fiber product we can construct a pointed
curve (C, P) such that H(P) = H (See Corollary 4.9 in 5)).

§3. On the 7- semigroup generated by 7,9,10,11 and 13.

Let H be the 7-semigroup generated by a; =7,a2 =9,a3 = 10,a4 = 11 and a5 = 13. Then we get
aj=3and as = a3 =ay = a5 = 2,
where o;’s are as in Section 2. In fact, we have
3a; = a3 + a4, 2a2 = a1 + a4, 2a3 = a; + as, 2a4 = a3 + a5 and 2a5 = a; + a2 + as.

To determine the remaining relations between a1, as, a3, a4 and as the following table is used:

a1=T7|20;=14 | az=9 | a3=10 | ag =11 | a5 =13
a1 =7 - - 16 17 18 20
207 =14 - - 23 24 25 27
az =9 - - - 19 20 22
az =10 — - - - 21 23
ag =11 - - - - - 24
as =13 — - — — — _

Considering the equalities

ai +az + a3 + ag + a5 = 50 and 2a; + as + a3 + a4 + a5 = 57
we get the desired relations

a1 + as = az + ay, 2a1 + a2 = a3 + a5 and 2a; + a3 = a4 + as.

Let ¢y, Iy and J be as in Section 2. To prove that Iy = J we use the method as in the previous
section.

Let i = 1. Then we may assume that f = X{" X§* X}* — X32X!* € Iy with pzpq # 0.. Using the
relations 2a; = a; + a4 and 2a5 = a; + a3 + a3 we may decrease the degree of f.

Let i = 2. Then we may assume that f = X{?X{" X} — XJ*X?® € Iy with pjus # 0. We may
decrease the degree of f, because of 2az = a; + a5 and 2a5 = a; + a2 + as.

Let i = 3. Then we may assume that f = X§°X{" X! — X32X[* € Iy with puyus # 0. We may
decrease the degree of f, because of 2a; = a; + a4 and 2a4 = a3 + as.

Let i = 4. Then we may assume that f = X}* X2 Xt — X7 X3® € Iy with pug = a4 or pous # 0.
We may decrease the degree of f, because of 3a; = a3 + a4 and 2a3 = a; + as.

Let i = 5. By the relation 2as = a; + a2 + a3 we may decrease the degree of f. Hence, we get
Ker pg = J.
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When we set
013 = 014 = Q21 = Q24 = 31 = Q35 = Q42 = Q4 = Q51 = Q52 = Q53 = 1,

the above eight relations, which form a system of generators for the ideal Ker ¢y, are written in the

following way:

(021 + @31 + as51)a1 = ai3a3 + 01404 9)
(a2 + as2)az = az1a; + 02404 (10)
(13 + as3)asz = az101 + 3505 (11)
(14 + a24)aq = g2a2 + 04505 (12)
(ass + aus)as = as101 + as2a2 + as3a3 (13)

02101 + Q4545 = 05202 + 01404 (14)
(031 + a51)a1 + as2a2 = 01303 + 4505 (15)
(@21 + as1)a; + as3a3 = Q1404 + 03505. (16)

Hence we get
(13) = %(9) + £(10) + ¥(11) + *(12), (14) = ¥(10) + ¥(12), (15) = (9) + (10) + (12) and (16) = (9) + (11).

Thus, the relations (9), (10), (11) and (12) form a fundamental system of relations between ay, a2, as, a4

and as. Using the relations (9), (10), (11) and (12) we associate the vectors b;’s in Z7 (i = 1,...,11)

with ag101, Q3101,05101, 1303, (4202, (5202, (5303, (1404, 2404, Q3505 and Q4505 respectively,

where b; = e;, ie., the i-th unit vector in Z7, bg = (1,1,1,-1,0,0,0), bg = (-1,0,0,0,1,1,0),

byo = (0,-1,0,1,0,0,1) and by; = (0,1,1,—1,0,1,0). Let S be the subsemigroup of Z’ generated by
11

biy,...,b11. We will show that S is saturated. Let us take b € ZR.,_bi NZ7. We may assume that

=1
11
b= Zz\ibi with 0 £ \; < 1 for all i. If we set b= (uq, ..., ur), then we get
i=1

1= A1+ Ag — Ag, 2 = A2+ Ag — Ao + A11, 3 = Az + Ag + Aqg,
Ba = Mg — Ag + A10 — A11, U5 = As + Ao, e = A + Ao + A1 and p7 = A7 + Ago.

If ug = —1, then
.u'l207#2217#3217155201“6213!“1“7%0'

Hence, we may assume that b = by; € S. Thus, S is saturated. In the same way as in Section 2 we
may construct an affine toric variety such that the monomial curve Spec k[H] is a specialization of the

affine toric variety.
§4. On the 7- semigroup generated by 7,8,11,12 and 13.
Let H be the 7-semigroup generated by a; = 7,a2 = 8,a3 = 11,a4 = 12 and a5 = 13. Then we get
ar=az=3and oz =a4 = a5 =2,

where «;’s are as in Section 2. In fact, we have

3a; =az +as 17
3a2 = a3 +as (18)
2a3 = 2a; + a (19)
2a4 = a3 + as (20)
2a5 = 2a;1 + a4 (21)

We have the following table:
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ay=712a1=14 | a =8| 2a2=16 |az3=11 | a4 =12 | a5 =13
a =T — — 15 23 18 19 20
2a; =14 - - 22 30 25 26 27
as =8 — - - - 19 20 21
2a; = 16 = = == — 27 28 29
a3 =11 = = = - - 23 24
aqg =12 = = - - - - 25
as =13 = = = — ~ — -

Considering the above table and the equalities
a1 +az +a3z+aq+as =51, 2a; + a2+ a3z + a4+ a5 =58 =2 x 29,

a1+ 2a2 + a3 + a4 + a5 = 59 and 2a; + 202 + a3 + a4 + a5 =66 = 2 x 33

we get the relations

a1 + a4 =ag + as
ay +as =ag+ a4
2a; + a3z = a4 + as
201 + a5 = 2a3 + a3

a; + 2a3 = a3+ a4

(22)
(23)
(24)
(25)
(26)

Let @g, Ig and J be as in Section 2. To prove that Iy = J we use the method as in the previous

section.

Let i = 1. Then we may assume that f = X" X}? Xt — X7* X4 € Iy. Using the relations (19),

(20) and (26) we may decrease the degree of f.

Let i = 2. Then we may assume that f = X5?X5° Xt — X711 X4 € Iy. Using the relations (17),

(20) and (22) we may decrease the degree of f.

Let i = 3. Then we may assume that f = X§°X{" X}? — X*X5 € Iyg. Using the relations (20),

(21) and (24) we may decrease the degree of f.

Let i = 4. Then we may assume that f = X[*X{*Xts — X1 X}? € Ig. Using the relations (17),

(18), (19) and (26) we may decrease the degree of f.

Let i = 5. Then we may assume that f = X{*X{" X} — X72X}* € Iy. Using the relations (18),

(19) and (22) we may decrease the degree of f.
When we set

Br=1,0=2and Bo=0=Ps=04=PFs=PFs =B =1,

the above ten relations, which form a system of generators for the ideal Ker ¢, are written in the

following way:
(25) 2B1a1 + Bsas = 20502 + P3a3

(19) (B3 + B3)as = 2p1a1 + faaz
(23) Bra1 + Bsas = Braz + Paaq
(24) Bra1 + Bzaz = Paas + Bsas
(17) (B1 + Br)ar = Braz + Byas
(18) (B2 + 2B3)az = P3as + fBsas

(20) 26404 = P3a3 + Psas
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(21) (Bs + Bs)as = Bias + Paas
(22) Bra1 + Paag = Braz + Bsas
(26) Bray + (B2 + B3)az = B3as + Paas.

Since we get
(17) = *(23) + (24) + (25), (18) = *(19) + *(25), (20) = 2 x *(23) + (25),

(21) = 2 x (23) + 1(24) + 1(25), (22) = *(23) + (25), (26) = ¥(19) + (23) + ¥(25),

(25), (19), (23) and (24) form a fundamental system for the relation module. Using the relations (25),

(19), (23) and (24) we associate the vectors b;’s in Z5 (i = 1,...,9) with B1a1, Bsas, Bhaz, B4as, Bla1,

Bsas3, B2a2,84a4 and BLas respectively, where b; = e;, i.e., the i-th unit vector in Z%, bg = (2,1, -2,0,0),

by = (0,1,-2,1,0), bg = (1,1,—1,0,0) and by = (1,0,—1,0,1). Let S be the subsemigroup of Z°
9

generated by by,...,bg. We will show that S is saturated. Let us take b € ZR+bi NZ°. We may
i=1
9

assume that b = Z Aib; with 0 £ \; < 1 for all 5. If we set b = (uy,...,us), then we get

=1

M1 = A1+ 2X6 + Ag + Ao, ti2 = A2 + Ag + A7 + Ag, 3 = Az — 206 — 2A7 — Ag — Ag,

pa = Ag + A7 and us = As + Ag.

Hence, we obtain s = —5.
Let u3 = —5, i.e., 2X¢ + 2A7 + A\g + Ag = A3 + 5. Then

p1=A1+A3+5—-2\7 24, B2 =Xa+A3+5—Ag—A7v—Ag =3, pa=M+Ar=1and us = As+Ag = 1.

Hence, we may assume that b = (4,3,—5,1,1) =bg+ b7y +bg+b; + bs € S.

Let pus = —4, i.e., 2X¢ +2A7 + Ag + Ag = A3 +4. Then Ay # 0, which implies that pu4 = 1. Moreover,
11 2 3 and ps 2 2. Hence, we may assume that b = (3,2,—4,1,0) =bg + by +b; € S.

Let ug = =3, ie,, 226 + 2\7 + Ag + Ao = A3+ 3. If A\; = 0, then A9 # 0, which implies that
us = 1. Moreover, 3 = A1 + A3 +3 and us = Ay + A3 + 3 — Ag — A\g. Hence, we may assume
that b = (3,2,-3,0,1) = bg + bg + by € S. If A7 # 0 and Ag # 0, then we may assune that
b =(2,1,-3,1,1) = by + bg+b; € S. If Ay # 0 and A\g = 0, then we may assune that b =
(2,2,-3,1,0) =b;+bg+b; € S.

Let u3 = =2, ie., 206 + 27 + Ag + g = A3+ 2. Then ps = Ao+ A3 +2 — Ag — A7 — Ag 2 1. In fact,
if up = 0, then we get

—2=p3=A3—=2X6—2A7—Ag—Ag = A3 —2(A6+ A7+ Xg) —Ag+ g = A3 —2(A2+A3+2) —Ag+Ag < -3,

which is a contradiction. If A7 = 0 and Ag = 0, then we may assume that b = (2,2, —-2,0,0) = 2bg € S.
If A7 =0 and A9 # 0, then we may assume that b = (2,1,-2,0,1) = bg + bg € S. If A7 # 0, then we
may assume that b= (1,1,-2,1,0) = by +b; € S.

Let uz = —1, i.e., 2Xg + 2A7 + A\g + A9 = A3 + 1. We have ps = Ay + A\g + A7 + Ag = 1, because one
of X\g, A7 and Ag is non-zero. If A7 # 0, then we may assume that b = (0,1,—1,1,0) =b;+ bz € S. If
A7 =0, then we may assume that b = (1,1,—1,0,0) = bg € S. Thus, S is saturated. In the same way
as in Section 2 we may construct an affine toric variety such that the monomial curve Spec k[H] is a

specialization of the affine toric variety.
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§5. On the 7- semigroup generated by 7,9,10,12 and 13.

Let H be the 7-semigroup generated by a; = 7,a2 =9, a3 = 10,a4 = 12 and a5 = 13. Then we get

a1=a2=3anda3=a4=a5=2,
where o;’s are as in Section 2. In fact, we have
3a; = az + a4
3az = 2a; + as
2a3 = a3 +as
2a4 = 2a; + a3

2a5 = a1 + a3+ a3

We have the following table:

a1=7|2a1=14 | a2=9|2a2=18 | a3=10 | ag =12 | a5 =13

a1 =T - - 16 25 17 19 20

20, =14 - - 23 32 24 26 27

| az =9 = - - = 19 21 22
i 20, = 18 - - - - 28 30 31
az3 =10 - - - - - 22 23

ag =12 - - - - - - 25

as = 13 = = = == - == —_

Considering the above table and the equalities

a1 +az+a3z+ag+as =51, 2a;1 +az +as +aqg + a5 = 58 = 2 x 29,

a1 +2az2+ a3+ a4+ a5 =60 =2 x 30 and 2a; + 2as + a3z + a4 + a5 = 67

we get the relations

a1 +aq4 =as+asg
az +as = a3+ aq
201 +ap = a3+ as
a1 + 2ap = a4 + asy

2a5 +a4 = a1 +az + as

(27)
(28)
(29)
(30)
(31)

(32)
(33)
(34)
(35)
(36)

Let ¢y, Ig and J be as in Section 2. To prove that Iy = J we use the method as in the previous

section.

Let i = 1. Then we may assume that f = X{"* XX} — X¥* X5 € Iy. Using the relations (29),

(31) and (34) we may decrease the degree of f.

Let i = 2. Then we may assume that f = X§?X{" Xts — Xi*X* € Iy. Using the relations (29),

(30) and (33) we may decrease the degree of f.

Let i = 3. Then we may assume that f = X5°X{" Xt* — X32X* € Iy. Using the relations (28),

(30) and (27) we may decrease the degree of f.

Let ¢ = 4. Then we may assume f = X}“X|" X§* — X32X¢® € I. Using the relations (28), (31)

and (33) we may decrease the degree of f.
Let i = 5. We use the relations (30) and (31).
When we set

Br=B1=0=B=Fy=F=0=PF=8=0=1,
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the above ten relations, which form a system of generators for the ideal Ker g, are written in the

following way:
(34) (B1 + B1)a1 + Braz = Bzas + Psas

(35) Bra1 + (B2 + B3)az = Baaa + Psas
(33) B2az + Byas = Psas + Paas
(30) 2B4as = (B1 + By)a1 + Paas

(27) (B1 + By + By)ar = Beaz + Paas

(28) (262 + B3)az = (B1 + B1)a1 + Bsas
(29) (Bs + B3)as = Pra1 + Psas

(31) (Bs + B5)as = Bra1 + Baaz + Psas
(32) B1a1 + Paas = P20z + Pas

(36) (B2 + B3)az + Paas = Ba1 + B3a3 + Psas
Since we get
(27) = *(30) + (34) + *(35), (28) = (30) +*(34) + 2 x (35), (29) = *(33) + *(34) + (35),

(31) = (33) + t(35), (32) = (34) + ¢(35) and (36) = (30) + (35),
(34), (35), (33) and (30) form a fundamental system of relations between a1, az, a3, a4 and as.
Using the relations (34), (35), (33) and (30) we associate the vectors b;’s in Z¢ (i = 1,...,10)
with B1a1, Bia1, Bhas, Bias, Baaz, Bias, Bsas, Baas, B3as and PBya; respectively, where b; = e, ie.,
the i-th unit vector in Z%, b, = (1,1,1,-1,0,0), bg = (0,-1,0,1,1,0), bg = (0,1,0,—1,0,1) and

bio = (-1,-2,0,1,2,0). Let S be the subsemigroup of Z8 generated by by,...,bjo. We will show that
10 10

S is saturated. Let us take b € ZR+bi N Z8. We may assume that b = Z A;b; with 0 £ )\; < 1 for
i i=1

all 4. If we set b=(p1,...,u6),lt=hlen we get
p1 = A1+ A7 — Ao, p2 = A2 + A7 — Ag + Ag — 2A10, p3 = Az + Ar,
Pa =g — A7+ Ag — Ao+ Ao, s = As + Ag + 2A10 and pe = e + Ag.
Hence, we obtain up = —2 and pg = —1. Let uo = =2, i.e,, A2 + A7 + Ag + 2 = Ag + 2A19. Then
pa=X+A+2—-Ap22and ps=As+ Ao+ A7+ +222.

Thus, we may assume that b = (0,-2,0,2,2,0) = bjg +b; + by € S. Let uo = —1. In the same way
as in the case py = —2 we may assume that b = (0,—1,0,1,1,0) = bg € S. Let g2 2 0 and pg = -1,
i.e, Aa+Ag+ Ao+ 1= X7+ Ag. Then we get

u1=/\1+)\4+)\8+1——)\9§1andu2=A2+)\4—)\10+lgl.

Moreover, in view of A7 # 0 and Ag # 0 we have ug = 1 and pg = 1. Thus, we may assume that
b= (1,1,1,-1,0,1) = by + b¢ € S. Thus, S is saturated. In the same way as in Section 2 we may
construct an affine toric variety such that the monomial curve Spec k[H] is a specialization of the affine

toric variety.

Combining the results in Sections 2, 3, 4 and 5 with Corollary 4.9 in 5) we get the following main

theorem:

Theorem. Every non-primitive T-semigroup of genus 9 generated by 5 elements is Weierstrass.
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