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Abstract

Let X be a 2-dimensional affine toric variety over an algebraically closed field k of characteritic 0. We
consider a way to construct from X the Weierstrass semigroup H of a point on a complete non-singular
curve over & such that the minimal embedding of its monomial curve Spec k[H] into the affine space is de-
rived from that of X by substituting monomials. For any n = 2 we give examples of such X and H where
H is generated by n elements.
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1. Introduction

A numerical semigroup H is a subsemigroup of the additive semigroup Ny of non-negative integers such that its com-
plement in Ny is finite. Let A/ (H) be the minimal set of generators for H. Then we can embed the monomial curve
X = Spec k[H] associated to H into the affine space through *pp : Xz < A" defined by the k-algebra homomor-
phism @ : k[X1...., X, ] — Ek[H] sending X; to t* where M (H) = {a1,...,a,}. We pose the following problem:

Let X be a 2-dimensional affine toric variety. Then find a numerical semigroup H withn = §M (H) = m — 1 such that
the embedding “pr + Xy — A" is derived from the minimal embedding . : X — A™ by substituting monomials.

Why do we consider the above problem ? One of the reasons is that the above numerical semigroup H becomes
WeierstrassY), i.e., there exist a complete non-singular irreducible algebraic curve C' over k and its point P such that

H = {n € Ny|there is a rational function f on C such that (f)., = nP}

In Section 2 we describe a minimal set of generators for the semigroup S which defines the coordinate ring of a 2-
dimensional affine toric variety. In Section 3 using the result of Section 2 we determine the minimal set of generators for
the semigroup 5 concretely in several cases. In Section 4 we find numerical semigroups which are constructed from the
2-dimensional affine toric varieties corresponding to the semigroups S treated in Section 3.

2. The minimal set of generators

We set T = Gl where G, is the multiplicative group Spec k[X, X~1]. Let M = Hom 44 Groups (T, Gp,) and N =
Hom aig.croups(Gm,1"). We have a non-singular canonical pairing < , >: M x N — Z where Z is the ring of
intergers. We set Ng = N ®z Rand Mp = M ®Z R. Let o be a strongly convex rational polyhedral cone in Ng, i.e.,
there are finite number of vectors z; € N defined over the ring Q of rational numbers such that

P

o={>_ NmilX; > 0,all i}

i=1

and it contains no line through the origin. Then an [-dimensional affine toric variety is expressed by Spec k[& N M| where

g={re Mg|<r,a>>0,allacoa}.
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We devote this paper to 2-dimensional case.
From now on let Spec k[ N M| be a 2-dimensional affine toric variety where the interior of ¢ is non-empty. For such a
o we can find a basis e, e; of the Z-module N such that

o=Rie; + Ry (ae; + bez) =Ry (1,0) + Ry(a,b),

where a and b are integers with b > 0 and (a,b) = 1?). If b = 1, then we may assume that a = 0. If b > 1, then we may
assume that 0 < a < b. The above cone ¢ is denoted by o, 5. In this section we prove that the semigroup &, N M has a
unique minimal set M (a, b) of generators and it is described.

We can identify M with Z? through the isomorphism sending a morphism r : 7' — G, with r(t,%2) = t]¢5? to the
element (ry, 7o) of Z2. Let Sa,» be the subsemigroup of NS consisting of the elements (v, /) such that —av + v is di-

1 —a/b
visible by b. Then we have an isomorphism S, , — &, M of semigroups sending (11, v2) to (v, v2) ( . Cllﬁb ) .

Lemma 2.1. Lef a > 0. Then the semigroup S, p is generated by

(1,a), (0,b), (b,0) and (E}} 31,n ([”b} +1) —:r-b) I1Sr<a,

a
where [ | means the Gauss symbol.

Proof. We set

S;',b = Uneno {(#,nb + ia)|i 2 0} and S, = Unez_, {(4, nb +ia)|i 2 — H?b] I3

Then we have S, = S;b U S,y If (i,nb + ia) € S:,w then (i,nb + ia) = i(1,a) + n(0,b), which implies that the
semigroup S/, is generated by (1,a) and (0,). If (i,7b +ia) € S, ,, then

b b b
(i,nb +ia) = (— [E—} ,nb—a {n_}) -+ (i-‘r {E]) (1,a).
La a a
b
Letn € Z.yg. Weset —n = aq +r withg e Ngand 0 £ r < a. Then;n: —bq—-—r. If r =0, then
a

(2] w-e[2]) oo

br
If 0 <r < a,then — & Z. Hence we get
a

So, we obtain

Thus, we get our desired result. a

Theorem 2.2. Let a > 0. Then the union G of the two sets {(1,a), (0,b), (b,0)} and

L+ (2] ) -0) st <amin A mi e

-1 b [ | ib
such that | = E myi and (J—}-Flzg mi({g}+1)}
a

i=1 i=1

is a unique minimal set of generators for the semigroup Sg p.

Proof. Let [ be an integer with 1 <! S a — 1and (mq,...,my-1) € Nio'l such that

- Ib et ib
5:27}11'2'31’1(1 {E]—Q—lzzm' (J:E}_}_l)
i=1 i=1
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b b = ib ib
([ e (5] #2) )= (2] 2o (5] 1) ).
a a a a
a a 1<i<i-1

Hence, by Lemma 2.1 the semi group S, is generated by the elements of the set G.

Since 0 < a < band (a,b) = 1, any set of the sets G\{(1,a)}, G\{(0,b)} and G\{{b,0)} is not a set of generators

b
for S,,5. We want to show that for any [ € I, ; the set G\{ (FE} +1,a ( {E} + 1) — lb) } is not a set of generators

Then

which belongs to

a
where we set

Lpy={l€eZ|1Zl<awith A(my,...,m_;) € N

-1 -1 .
such that [ = ;mza and {%} +1= ;Tm ([%} + 1) }

(2] 20([2]) )

= m(b,0) + Z m (E] +1,a ([%} + 1) lb) +m/(1,a) +m”(0,b)

telap\{lo}

with m, m;’s, m’ and m” € Ng. Then we must have

Take Iy € Ia,b- Let

m=m'=m"=0and m; = 0forl > [.

Thus, we get ly & 1, . which is a contradiction. Hence, G is a minimal set of generators for .S, 5.

Next, we shall show that a minimal set of generators for S, ; is unique. Let G’ be another minimal set of generators.
G’ must contain (0, b), because (0,r5) € S, implies that b|ve. Moreover, (1,a) should be in G', because v, = a if
(1,v3) € Sap. Since (11,0) € S, implies that blvy, we have (b,0) € G'. Let (11,v2) € S, with1 < 15 £ o — 1. Then

s ’ b b
there exists [ with1 £ 1 < a—1suchthats = a ([Z} 4= 1) — b, Then we get vy, = [E} -+ 1 +mb for some m € Ng.
By induction on v we must have G = G. O
Using the transformation from S, 5 10 45 N 72 we obtain the following:
Corollary 2.3. i) If a = 1, then the set {(1,0),(0,1), (b, —1)} is a unique minimal set of generators for the semigroup
d1p N Z2 .
" b
ii) Let a 2 2. Then the union of the two sets {(1,0), (0,1), (b, —a), ({ ] + 1, —1) } and

a

a

{ ([iji + 1,—5) ‘2 Sl < awith /H(mi,...,mgfi) S Néﬁl

-1 Ib oy | ib
such that | = Zmii and [E} +1= ;mi ({E} + 1) }

=1

is a unique minimal set of generators for the semigroup &, N Z* .

3. Examples of semigroups &, ; N Z?

In this section we determine the semigroups &, , N Z? whose minimal sets of generators consist of 4 elements. Moreover,
using Corollary 2.3 we give examples of semigroups &, 5 N Z> whose minimal sets of generators consist of more than 4
elements.

 Theorem 3.1. Let a 2 2. Then the minimal set of generators for the semigroup o, N Z? consists of 4 elements if and

only ifb = a — 1 mod a.
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Proof. By Corollary 2.3 it suffices to show that for any 2 = [ < a there exists

1—1 -1 i
b
(m,...,m—1) € Ng‘“l such that [ = m;1 and {—] +1= Zmi ({é} + 1)
i=1 ) L i=1 a
ifand only if b = @ — 1 mod a.
ib b
Letb=a— 1moda. Forany 2 £ i < a we have [%} =1 [E} +i—1. If wesetmy; =my_1y = 1and m; = 0fori

distinct from 1 and [ — 1, then we have
-1 -1 ;
Zmii:1+l—1:£and Zmz({iﬂ -E—l) = [E]-i-l—i- [w}+1:l{é}+l= [@}+1.
o e a a a a a

Leth=a—jmodaforsome2 < j<a—1. Wesetip =max{i € Ny |ij < a} < g Let! = iy + 1. We assume
that there exists

-1

Jhof ) ;
lb ib
3 1—-1 = o - ;
(ma,...,my—1) € Ny~ such that [ = E m;4 and [a} -l—l—gzlm.h ([a} +1).

i=1

Since [ = ip + 1, by the definition of iy we have

[3]-1- [E] 1= (] +) - Zm (9 - (] ) e ] )

which is a contradiction. Thus, in this case the minimal set of generators for the semigroup &, N Z? consists of at least 5

elements. O
Here, for any n = 4 we give examples of semigroups &, N Z? whose minimal set of generators consist of n elements.

Proposition 3.2. Ifa = 2 and b = 1 mod a, then the minimal set of generators for the semigroup &, \Z? consist of a+2

elements as follows:
{(1,0), (0,1), (b, —a), ([ﬂ + 1,—1) , (2 [ﬂ +1, —2) foe oy ((a = 1 [g] +1,—(a— 1)) } .

Proof. Since b = 1 mod a, for any 2 £ i < a we obtain {%] =1 E] Let2 £ [ < a — 1. Assume that there exists
(ma,...,m_1) € NB—I such that
iy | -1 2
_ b ib
l= ;:1 m;t and [;} +1= E m; ([E} + 1)
Then we have
-1 . -1 -1 -1 -1
[b Ib b Ib b . b
EL& +1 ) +1 ;=1m?, = +1 gzlr'm i e + e E_ mﬂ+§ m; =1 - +E M4

-1
Since Z m; = 2, this is a contradiction. By Corollary 2.3 we get our desired result. 0O
i=1

4. Numerical semigroups of 2-dimensional toric type

Let A € 045 NN such that < », A > > 0 for any non-zero r € &, N M. We denote by M (a,b) the minimal
set of generators for the semigroup &, N M. Let §M(a,b) = n+ 1 and M(a,b) = {g1,....gn+1}. Let H be a
numerical semigroup with minimal set M (H) = {a1....,a,} of generators containing the semigroup < Gqp N M, A >.
Assume that for any g € M(a,b) we have a unique expression < g, A >= wja; + -+ + vpa, with v; € Ny, all
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i. Let A' = Spec k[X1,...,X;] be the affine [-space. We can define the morpshim %y : A" — A™+! by the k-
algebera homomorphism 7 : k[Y1,...,Yn41] — k[X1,...,X,] which sends ¥; to X<9*> = X[*... X! where
< gis A >= 1101 + - + vpan with »; € Ny, all i. The above morphism “n : A" — A™ s said to be induced
by A. Let “m : Spec kG, N M] = Spec k[T"]es, ,nme —> A™H! is the embedding associated to the k-algebra
homomorpshim 7 sending Y; to 79 Moreover, we denote by g : k[X1,..., X,] — k[H] = k[t"|pen the k-algebra
homomorphism sending X; to t*, all 7. We note that n(Ker 7) £ Ker wg. The numerical semigroup H is constructed
from Xqp = Spec k|G, N M] and X if Spec k[H] is isomorphic to the fiber product A" X gn+1 X, p, i.€., the ideal Ker ¢
is generated by the elements of the set n(Ker «). In this case H is called a numerical semigroup of 2—dimensional toric

type. It is known that such a semigroup H is Weierstrass).
Proposition 4.1. A numerical semigroup H generated by 2 elements is of 2-dimensional toric type.

Proof. Let H be generated by b and b + n with b, n € Ny satisfying (b, n) = 1. Take A = (b+ n,b) €

o1,sNN. We note that M (1,b) = {ry = (1,0),72 = (0,1),73 = (b, —1) }. Then we get H =< &, N M, A >. Moreover,
the morphism “n : A? — A? induced by ) is associated to the k-algebra homomorphism 7 : k[V1, Ya, Y3] — k[X1, Xo]
sending Y7, Y5 and Y3 to X5, X and Xf*r“l respectively. Since the kernel Ker @y of @g is generated by the element
n(YaYs — YP) = X" — Xb with YaY3 — Y € Ker , the numerical semigroup H is of 2-dimensional toric type. O

We study numerical semigroups which will be constructed from 2-dimensional affine toric varieties Spec k&, N M]
where a and b are as in Theorem 3.1,

Lemma 4.2. Leta = 2and b > a withh = a — 1 mod a. Take n = 1 such that (b,n) = 1. Let H be the semigroup
generated by a1 = b,as = b+ na and az = (n + E)J ) b+ n. Then the following hold:

i) {a1, a2, a3} is the minimal set of generators for H.

ii) We have oy = min{a > Olaa; € (a2,a3)} = (n —1)a+ b+ 1, az := min{a > Olaas € (a1,a3)} = B] +
1 and oz := min{o > Olaag € (a1,a2)} = a where (c,d) is the semigroup generated by positive integers c and d. In

Jact, we have relations
b b
(n—=1a+b+1)a; = " az + (a — 1)as, - +1)as=a1+4as a-a3=((n—1)a+b)a + as.

Progf. i) Since b = o — 1moda and (b,n) = 1, H is a numerical semigroup. We note that a; < as < a3. Let
b
az = pag + vag with pu, v € Ny. Inview of (b,n) = 1, we have av = bg+ 1 withg 2 1and v 2 {w} + 1. Hence, we get
a
b b b
nb + - b+nzub+ " +1)(b+na)=pb+b+nb+n+ |—|b
. a

because of b = a — 1 mod a. This is a contradiction.

- b b
i1) First, we prove that ag = | — | <+ 1. Assume that g < {—} + 1. Let agas = vag + pag < ay + ag If v = 0, then
a a
. L e b b L.
i+ =1, which contradicts i). Hence, s = 0, which implies that b|cs. Thus, we getb < s < [—} +1Z 5 + 1, which is a
a

e b
contradiction. Therefore, we have ag = {—- + 1.
a
Second, we assume that c;a; = agas. Then blas. Hence, b £ a3 < a, which is a contradiction.

. b I
Third, we assume that asa5 = asas. Then ([—] + 1) a — g is divisible by b. Hence, we get
a

b b
bg({a]+l)aa3: {ﬁ}a+a—1—ag+1:b—a3+1§b—1,
a

which is a contradiction. It is easy to check that cvya; # aeas.
We have relations

b
Q101 = Q1202 + (1303, ({a +1jaz =a; +as, azag = asja; + agaas.
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. b .
By 3) we obtain a; = 1 + aay, [ﬂ +1 =y = o9+ agzand ag = a3+ 1 with ag; > 0, a9 > 0, @32 > 0 and
a1z > 0. Consider aja; = 1282 + ay3as. Then we have ajsa + i3 = bg with ¢ = 1. Assume that cvy3 = a. Then we
have :
a1 ga((n-l- {ﬂ) b+n)=((n—1Da+b+1)b+na>((n—1a+b+1)b,

which is a contradiction. Hence, we may assume that 0 = o33 = a — 1, which implies that in the case g = 2 we gel

b , b b
g =2 [E} + 1. Since {E} + 1 = o + az9, we must have ¢ = 1, Therefore, we get ayp = {—J and ovy3 = a— 1,

. a
which implies that o; = (n — 1)a+ b+ 1 and a3 = a. o
Using Lemma 4.2 and Theorem 3.1 we get numerical semigroups of 2-dimensional toric type which are generated by three
elements.
Proposition 4.3. Leta = 2 and b > a withb = a — 1 mod a. Take n 2 1 such that (b,n) = 1. Then the semigroup H
. b

generated by a1 = b,as = b+ naand az = (n + [EJ ) b+ n is of 2-dimensional toric type.

Progf. Take A = (na + b,b) € o, N N. By Theorem 3.1 we have

M(a,b) = {m =(1,0),72 = (0,1),r3 = (b, —a), 74 = (E] 3ol —1) }

Then we get H =< &, N M, \ >. Moreover, the morphism °n : A®> — A% induced by X is associated to the k-
algebra homomorphism 7 : k[Y1, Ys, Y3, Ya] — k[X1, X2, X3] sending Y7, Y5, Y3 and Y3 to X5, X4, Xﬁn—l)“"'rb and X3
respectively. Since Ker ¢y is generated by the elements

e ﬁ “lxg- <t 2]+t
e YI[GJKLG L il Xg“]Xe‘f 5, U(Y;L]* - YaYy) = XZU = 00
and n(Yf - Y71Y3) — Xé" _ Xl(n-—l)a+5X2

with
[Rlorasi o [R]HL a
oY — Y Y2, Y - YoV, Y[ - V1Y e Kerm,

the numerical semigroup H is of 2-dimensional toric type. O

We investigate numerical semigroups generated by a large number of elements. The results which we get will be applied
to numerical semigroups constructed from 2-dimensional affine toric varieties.

Lemma 4.4. Let b and c be positive integers such that (b,c) = 1. Let H be the semigroup generated by ag = b,a; =
b+cay=b+2¢c...,ap—1 = b+ (b— 1) Let o : k[Xo, X1,...,Xp-1] — k[H] = k[t*|ner be the k-algebra
homomorphism sending X; to t%, all i. Then we have the following:

i) The minimal set M (H) of generators for H is {ag,a1,a2,...,0p—1}.

ii) The ideal Iy = Ker g is generated by

Xg+1Xi_1 — Xz'Xbul (1 g i é b— 1) ana’Xin - Xz’»-lXj+1 (]. g i éj é b— 2).

=1 i—1
Proof. i)Let2 < ¢ < b—1. Assume that b+ic = yb+z vj(b+jc), v,v;’s € Ng. Then we get ic = Z vjj | cmod b.
=1 j=1
i—1 _ i—1
In view of (b,c) = 1, we have i = Zyjj + pb, 4 € Z. Hence, we get v + Z v; = 1 + pe with o = 1 because of
J=1 g=1

i1
Zz/j 2 2. Thus, we get
J=1
i—1
b+ic§ub+2yj(b+c):z/b+(1-£—,u,c—1/)(b+c):(1—£—,uc)b+(1+,uc—u)c,

=1
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which implies that b — 1 Z ¢ 2 pb+ (1 + juc — v} = b+ 2. This is a contradiction.
ii) Let J be the ideal generated by the above polynomials. It is trivial that J € I'g. It suffices to show that any polynomial

f= ﬁX;-’i - lﬁXf € Iy with v;p; = 0, all 4, is contained in J. In view of X;X; = X; 1 X;;1mod J (1 £4 £
Jjs g_-_-_o 2) we ni:; assume that vy > 0 and g1 > 0, because otherwise we may decrease the degree of f. By X 52—1 =
X§T Xy, o mod J, we may assume thatﬁ X = X;Xp_y withl1 £i S b-2. Inviewof X7 X,y = X; Xy mod J
forany ¢ with1 £ 4 £ b— 1 we may cleci:a[;se the degree of f. |

Using the above lemma and Proposition 3.2 we obtain numerical semigroups of 2-dimensional toric type which are gener-

ated by r elements for any r = 4.

Proposition 4.5. Let a = 2 and n = 1 with (n,a+ 1) = 1. We denote by H the semigroup generated by ag = a+1,a; =
a+1l+4+ne,0e=0a+1+2na,...,a, =a+1+a-na. Then H is of 2-dimensional toric type with iM (H) = a + 1

Proof. In view of (n,a + 1) = 1 we have M(H) = {ag,a1,...,a,} by Lemma 4.4, We denote by ¢y the k-algebra
homomorphism as in Lemma 4.4. Take A = (na+a+1,a+1) € 04 q+1 NN, By Proposition 3.2 we have M (a,a+1) =
{ro = O, )} U{riy1 = (I +1,=0)|l = 0,...,a}. We note that (r;,\) = a; for 0 < i < a and (rg41,\) =
a+ 1+ (a+ 1) na. Hence, we get (5, o+1 N M, A) = H. Moreover, the morphism

%p: A% = Spec [Xp, X1, ..., Xa] — A%"2 = Spec [y, Y1,. .., Yot

induced by X is associated to the k-algebra homomorphism 7 sending ¥; (0 £ ¢ < a) and Y544 to X; (0 £ ¢ < a) and
X et respectively. By Lemma 4.4 Ker ¢ is generated by the elements

N(Yar1Yic1 —ViVe) = X0V X, - X, X, (1SiZa)

and (1Y~ YiaYon )= XXy~ X an X A S92 7 Z0~10)

with Y, 11Y;_1 — Yi¥,, ViY; — Y;_1Y;41 € Ker . Hence, the numerical semigroup H is of 2-dimensional toric type. O
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