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Polyomino Packing Models and Their Solutions for Engineering Layout Problems

Yasuyuki MURAT', Hiroyuki TSUJI?, Hisayuki TATSUMI, Shinji TOKUMASU?

Abstract

In this paper, the authors discuss optimization algorithms for engineering layout problems in industry,
such as sheet metal design, VLSI floor plan design and so forth. We propose game-theoretic algorithms
by constructing polyomino packing models for those problems. First of all, we showed effective
performance of topological features for minimizing the layout area. Then, introducing layout
constraints among individual pieces, the optimization algorithms were extended successfully without
major changes in originals. A part of these results has been presented individually in society
conferences or journals including this journal. In this paper, organizing the whole results, we construct

a set of polyomino packing models as a general optimization algorithm and also, show its applicability

for the varieties of actual layout problems.
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Fig.1 Given game board
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Puzzle-A
Fig. 2 An example of game solution
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Fig.3 Game board of the 1-st stage
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(#stage), ' —RES (#piece), YHFIEO=ZL fut
—DfE #HEntropy) & AL/ — F~D7 RLARA &
T&H D8 (#branches) ZHET HHEEAED / — FOERKIT
EoTEBND. 22T, 2 FTH/—F%, fork &
X, &Rz ) — F % leaf LIS, Fig. 4 DFT,
PPPP 7 VT Y XA LIRD K S IZERLE B,

[PPPP algorithm]
Step 0:
#stage=0 B oMt EMHE null &5/ — k) —R,
ROOT Z AR L, #mE#0 Z1EKT 5.
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#stage BB KD leaf /— K& 2FZ ¥y LT, BHD
#Entropy % H9 % / — F:NODE %25,
ROOT /— K235 NODE / — RIZEA R &1L,
NAEDETOE—RERIFE LIV —M & - TIEIC
BLICEE LT, BE # 2H4ET5.
Z Z1lZ, I=t#stage of NODE L9 5.
if Tis n) EFEAREAME return;
Step 2:
for (RTHI DFF BB P) {
BAIE— R P 2 m#] ([CECE L, BE40+1) % 4R
T5. LEEEmEICRL, F1BHEEITS.
if (5 1 BRI & H8) {
5 2 BRIl 2170y, |E T k2 ' —ENTROPY
ERDB.
iz ) — RE4R L, #stage =I+1, #piece =P,

#Entopy = ENTROPY, #branches =null; &7 5.

NODE nbZd /) — RIZEZES.
}
}
if (6 1 Bl TR TO B — AR REHK) {
NODE E & & NODE ##¥#H / — F&EIBRT 5.
S HIZ, ROOT IZMDyo TR EMOEN D2 L
—ODKETERT E T OHIRBRELBERIOICITS.
}

#stage=1 ..................
fork node /\/ 1
leaf node
contents of node cell
#stage=2 ----n--
#stage
#piece
#Entropy
#branches

#stage=3

Fig. 4 Search tree

Step 3:
Step 1ITK 5.

EW, BRI FIETEEINZTATY X AOH
BESTh D, BRI, BFRERAEITIZ EICE T,
HENT 2 2 B OGO R L RER E2RK> T3,
B, BBE—ARRO TSI LV T4 IZEBTDHe2—Y
AT 47 ZA B AN T PPPP i, m#{b & T 5[16].
Fig. 5 ICHEARRD 1 1% 77

Compaq Evo
W4000

(c) 20x40, 200p,
2.937sec

(b) 25x30, 200p,
0.235sec

Fig. 5 An example of PPPP
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layout problem) [9]

PPPP Ti, H60:L0, HENEXBATWT, 20
BEEEX DN —ATHD O THPEFEETHZ L
BHEHRTHD. LhL, F1ETE (2 OFATD
EERETIY, ZOrMENEL T, 2 —X2REBT 5
DORADDOEBEOEBRERD D Z L NHETHS. EE D
%, ZhERERERERER/MLEE: DPLP & LTEF /L
95, 2l EEEDIEX 2EE, #tY 2TE
ELT, o UHEE XY BB —XOMEFE Spj LA E &
ROEDICY #REL, P—AEBETHELTIHID
Y ZRODMETHD. Lied->T, [ DPLP |34k
ZRUET DMt Y D% BRI & 3 5[ PPPP O£
ERMTZENTESD., ZORMEZEL DI, XY—
Ipj EOHEMERY AI )% FI—L LT, P—RBITMNX
WIE, i, #isk7=3 PPPP L7225, b L, BBED
nNieb, Y=Y-1& LT, [FA#ko PPPP %fif%, NG
LNIRL T2 o IR RTEDRED Y IZ 1 7T A LTz H DS
BTHD. ZOBRMERRD 141% Fig. 6 ITRT.

3.2ABKRY F = / HEEERIRE (APLP: A-type polyomino
layout problem) [9]

D BRI F I 2T HENBBLENERV A ) Th
50, EBRORBERETIE, MMAAZE D REFRMETH
SHEBHB LINTWRWZ E3hD (LA, ZOHFMN
@), 22T, ZOXATORIAI ) EZAR (TFu
TH) RV AI 7 EREZEICLT, 207D DEMER
AR /IMURIRE: APLP #8525, fREIIE-> T v 7L
THY, ROL I 2 BEFEDEBIEIZHKS.

[APLP algorithm]

Step 1:
bHNPLY, FARE—RIH LT (BWERGIT 1M
PED AR —REV0EELEDIZLT) ZhaeRat
L2EAODD BRIV A ) 2GS ES.
ZD D E—REZX LT DPLP %fi#<.

Step 2:
BEERBELLTELNEZD E—2E3ET5 A B—2
R RICEV OMEXHLE %2 2 3712 v — A ORI
ZIERFED D Z LI L o T, METEOHRRERS.

Fig. 7 12#E (Step 2) OFERD 1 &R,

3.3 VU RRUF I/ 555EHRIE (SPPP: Solid
polyomino packing problem) [17]

MIREBBEEL Uz, PPPP D 3RTHRY Uy KRB A3

J FRE ORI LT, PPPP 7 AT XAZRBETX 5.

I_H_

|

IS HilBR
g

Puzzle-B ¥=10
Y=10

’_| L

Fig. 6 An example of DPLP

%_

SLBERI PN B
Puzzle-B  (5x10, 13p)

~ L
Puzzle-C - —‘—"]
(10x10, 25p) C Ly A ﬂlf
o
Puzzle-D

(10x15, 40p)
Fig. 7 An example of APLP

YUy FRYAI D 3 WITAMAHDOFREZ R > HHES
EBIT, V) y RRVAI ) ZFER) I ITHHES
WTROBOIZE2EZD. £F, 20NV FI )
B—2T 3 RIEELPED LNIREEZEZD. 4, i
Bz, HEOBRPEFELELRKELT, FL—2
LT EYEETOBEREICETS 3 FMOEET, A
O, BREE &Ly, BALHERR CE 7O EE T
Wizl d5., SOICHEOLDIZ, B —XiT, HHH1LT
DEEZFERN, BELEERTODBEILITTSE,
3 FmoEIWrmE Iz s UL CTEBNICRD Z ERE XS ¢
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B LS. )
By, 3FEMED PPPP RIESMES NIz Z L2, Lieh
-7, SPPP OMOFESLME, Thb 3 #HD PPPP
WEEFHOZETHD. &b, ZOBEEND, BEREICH
LCHhfE Y » 90 EREGEFF34HE8Th, 3D PPPP ©
%1, 52 B EE) ST, SPPP #fif Z &N TE
5.

ATNTY X hEFBEA LR 16% Fig. 81277,

AETILIBESNAIBELIIEERY AI ) L LTH-
T&722%, BRI, D BRIV AI ) THNXEAR
BETHLRWL, o TE, HHLHIRD bLHET (1o
7L, BAETECH T FALE) 12, WhbWwd T )y
B E—RADEELHFEINS.

4. E—RHEREH#ZEREL = PPPP OHE3R (ePPPP)

M. IU»ic) THEBLEEETHS 3) B—AM
HEBEHNEZEZEB LTI XLAOEEEKS. ZOE—
A OEI X, VLSI 7 a7 7S5 TiE, TV a—/Lil
@ pin-to-pin FEBUZFE D REN—T 4 v 7 HIKNHIRE
T5. RETIE, 27N Y XL (ePPPP) 723, PPPP
TAITY ZLDBRBIBICEL > TERTEDZ L &R
7

4.1 FAHFFHEREDOEA
LI, B— 2 EEREBERKZ ©— X EREEE O NI

Ex v —AROFHRBEHTRENDI DL LT, (n,n) B
DifH~w ) v 7 AMEEETD. HIb,
M=[mG, ].

Z 2, mG i & §BRRRDGEGIEE— ARG DED
FAETHY, i & jHAELVWHEEGEIE, E—R1 LHE
ToBEREOFHME, D, AOICES RERELTRTHE
Thd. BRI, mG )NE, SEE OAHADIDITHLE
OEFICHELTEINDIREEY 2 —/L (E—2R) ZEY
WHEDICEALZLDTHD. v~ ) v 7 AMOKE
#Zm(, Pit, FAHROEEVRKRETFE, ZNEFRER
fExELBDZLITTH.
2 &z, PPPP OFEEMRICRT LT, #7457l R E Path
Penalty ZRD KL 5 IZEZ LT, ePPPP (ZBI9 5 HRYES
#E+% (Fig. 9).

CityDistance(, j) = | xixj|+|yi-yjl, G# DEE)
CityDistance(, i) = min(|xi-XL|, |xi-XR|, |yi-YBI,

lyi-YT|)
m(, j)=m(@, ) ZEELT,

PathPenalty

= L(orall ij such thati=j m(, )*CityDistance(, j)

2T, (i, yDB L O, y)iFENEN, B—RikbE—
2] ORBEZETHD. 72, XL,YB), XR,YB), XR,YT)
FEXLYDEZENENELEOLETRALE, ATAME, A
RN, BEOE EAMBEZERTS. LEEOERICK
e —AHEESKICE L TRWEEIZ /R > THIUE,

(3) y-section
Fig. 8 An example of SPPP

CityDistance(,1)

m(,1)

wee i)

CityDista|

m(,i)

CityDistance(,

Fig.9 Preference m(, j) and CityDistance

PathPenalty DfEIZ/NE 725, Liido>T, ePPPPIC
BT BiEI3E/ND PathPenalty #4535 PPPP OfETh
5.

4.2 ePPPP |21+ 5 B K9BA%K PathPenalty DHEEFIR

B Cik 7= X 5 IZ ePPPP D% KD D 72 DITIE, &
/D PathPenalty Z &1 5 PPPP fg% s Rivid L. 2
AEIZIZ, PPPP B &3 BB O, FlkiIE s &
72 &5 DT, PPPP TiXEHI O FIREARIZ AN EM & 721,
BUORE RO TR TRT TELDIIHLT,
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ePPPP (23 Tk, PPPP OFHEMED 5 5, (BRI T
& %) PathPenalty % &/MZ§ B E2RKEME T HDT,
B S A DEERITO T B KIS BRRBILE L 2B, 20
TIY ZMZOWTTRE TR S5, AETE, 2%
HIIZ PathPenalty % FHIFHMET % FIEZ LTS, TH
il & 1%, PPPP OfENRE BRNIC, BND, B OER
ADERPIZ, ZORCHHINDHBRRAICBIT S
PathPenalty D F[R% FHIHEET B FIETHS. Zhid,
PPPP 7T Y XA AICBITDE 1 BB XU 2 BT &
EESED I LIZE o THRMICHIET 5Bk & h
5. LATIZ, PathPenalty ORI EAERD S, HE
FlEZ R

[Estimation algorithm of PathPenalty]

(PathPenalty ® TR % HE)

G, T=bDAT =Dk ([T o T, MBilHk BAER ST
TEY, B SZAOEFELLSO k HO—2ABREB SR
TWBbDET B, 12720, ZOWSFER AT HEM &
78 % PRAEIZ Z DR TILFE LRV,

Step 0:

LowerBound0

= for alli,j<k such thatizpm(i,j)*CityDistance(, j)

if (k == n) LowerBound=LowerBound0 and return;
Step 1:

RICFRY O nk O —RAEREOELICER Y 2

RLTT U F AR REBEZEET 5.

LowerBound1

= fork<ign && 1<j<0m(i,j)*CityDistance(, j)

LowerBound2

= Dfor keign && i<j<nm(i,j)*CityDistance(, j)

LowerBound

= LowerBound0+LowerBound1+ LowerBound?2;

if (k= =n-1) return;

Step 2: // pairwise substitution

for (k<i=n&&i<j=n) {

E—2 i L =2 OB ERBT 5.

Deltal=Increment of LowerBound1;

Delta2=Increment of LowerBound2;

Delta=Deltal+Delta2;

if (Delta<0) LowerBound=LowerBound+Delta;

Else, B'—2i ¢ ' —R j OB ZTICET

}

return;

4,3 ePPPP 7 LT 1) X s

H#9B9% PathPenalty FFROHEEIE AL VT, PPPP
TNAEY XA ePPPP 7Y XA E LCIETX 5,
FIZOW oo KDL, EEDa v Ea—F T LI RAD
BRDBERLICLDTHD. BB, BXLHFOETFIL, &
BRREIEIC X AHEARERTH 5.

[ePPPP algorithm]
Step 0:
#stage=0 Aot EBMEIL null #F§ 5/ — K, ROOT
EBERRL, BEHO Z1ERT 5.
UpperBound = Infinity;
Step 1:
#stage KD leaf / — FEAFXF ¥ LT, BDD
#Entropy flE%# A4 % / — F:NODE % %5,
if (NODE is null) {
BERNRANRKRESZZETHY, return;
I 7SAFTO & ORTDBEPE THRFS TN D,
}
ROOT /— K736 NODE / — NIZEARRZZLED,
NAEDETOE—R%EHIFE LIz —Z ko TIEIC
ELICERE LT, BE#l #F4E9 5. 22, I=tstage
of NODE &4 5.
if Tisn) {
ROOT 7% NODE ([ZW 2 B /SR IIHREMETH DN D,
Z D3R % PathPenalty DA & & bITIRET .
UpperBound=LowerBound;
/LowerBound IZRii D EPETE v M.
ZONODE & Z Z &% ETHREHIBRT 5. ;

}
Step 2:
for GTE#HI D5 HEY P) {

B — 2 P Z8m#] [CEE L, Bm#d+1) % 4R
5.
LEEmEICR L, B 1EFMnEITS.
if G 1 BHmIC &) {
Z DT T LowerBound ZH#ET 5.
if (LowerBound<UpperBound) {
F2BFMMIZ L 0, Bl b e ©*—ENTROPY
R 5.
Ficlz ) — FEERL, #stage=I+1, #piece=P,
#Entopy=ENTROPY, #branches=null; &% 7%.
NODE 736 Z D/ — Pt &S,
}
}
}
if (Fi7zie ) — RBER S o 72) {
NODE H £ & NODE #6878l — F&HIRT 5. ;
X512, ROOT IZEd> THREMOBENR D2 &Y
— OO EFETE T OHIBREBEL BRI .
}
Step 3:
Step 1 IZE 5.

5 HEXRRICLIRIELER

METHEELEZTLITY XA pa Ly a—2rals
DIZER L, TORBHRIZONVWT DR LML RITT S
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(EATATEEMEIC D W T AR DRI T TIZIERRE ) .
TN Y XAOERNRIZERT 2 EREHZLLTITR
4

(1) E—2 OB EEEOKE X, b, BEOEHES -
SEIOEBRTIIRD 3 5 —ADT —ZZHN5.

+ Puzzle-B:

BEEIL 5x10 DFEL L 13 E—RDRYAI /.
* Puzzle-C: '

MEIL 10x10 DL 25 E—2DRY A3 /.
+ Puzzle-D:

BEEY 10x15 DEEE 40 BE—RDFR Y A /.
(2) L—RAEBRSPICETIEME
90 EBLALDEIERD B i &
(8) WHFFMICRIT B EFHADEHES  [9]
PPPP 7V Y RADMERCHESIN, B 3%
W5,
(4) HDFEFHOBEIEL DT F : [9]
PPPP 7 VI Y A LADRERTHR S NI L D1, h&
Wy hrE—EE OO FEMERIEM L T5.
(6) #FHBEE DK
WIRT 2BEO M~ M) v 7 A& HE L.
[Matrix-1]
m(, j) = (n-j+i+D*random_number;  (i<j),
(n-i+1)*random_number; G=p,
m(, 1); G>9),
Z 2T, i,j=l~n, F7- random_number i%(0, 1)
FHDOEHITH B.

[Matrix-2]
m(, j) = -)*random_number; (i<,
(-1*random_number; (=),
m(, 1); G>)),

ZZ T, i,j=1~n, %7z random_number Z(0, DD
#HHOELELTH .

Matrix-1 1%, =2 ID OZED/HNSWE—2E T, &
HENEL 2D, =X ID /NS VE— R IELER &
DFHERRESRDLITRESNTWVS. —F4,
Matrix-2 1%, TH &R, =X ID DZEDORENWE
— R TIE, FAEREL LY, P—RIDBRKENE—
AFEEER E DFHERRELSRD LI CRESNT
W5,

Ay a—&7a T NITT v bA—2A Core2Duo
E6300 (1.86Ghz) 1GB ® PC »b & T, EfT&hr-.
Table 1 38 XU Fig. 10 ICZDOFERERT. 22T, BE
R Puzzle-B, Puzzle-C 8 X O Puzzle-D 1%, (2) T
Bl 3 BEOHMELZRRTS. ZnOoDOHENDK
DEOIRMANFEOND. AL,

(a) Zefid, Tr bob—EIERB LW, BHRE Path
penalty O TREHEE L, FIREMRIRER LD E O TR
BEICHEREL TV 5.

Table 1 Results of numerical experiment

PathPenalty

Prefere.nce Puzzle Initial Final Usefi time

Matrix ¢ 1 (mm:ss.sss)
Solution | Solution

B 1,328 1,167 00:00.415
Matrix-1 C 16,415 13,176 00:47.011
D 83,294 | 80,531 01:02.923
B 894 714 00:01.060
Matrix-2 C 8,561 7,851 03:47.180
D 45,556 | 42,529 00:42.805

1 gud  N—

Puzzle-D

Puzzle-C
Matrix-1

Puzzle-B

Puzzle-B Puzzle-C Puzzle-D

Matrix-2

Fig. 10 Final solution

(b) LaLRnb, BREERE LTELNMT, 4T
LbBREMEIIE LRV, Zhix, KT 5 Path
penalty @ FIRMEHEE OREE L NUEE O % LEIZ
& CCHIE 2T 2> T Db TH D, Hlb,
BELTHBROBEZR > T, Aom#i 73y X
LEHRTE S,

(¢) DEIARY A/ FEfERE DPLP, ARRY #3
JEREERERE APLP BX O, YUy FRIAFIJH
FEOMIE SPPP %, #nZn ' —AEEERINZEZE
L CHE3E L7- RiRE eDPLP, eAPLP ¥ X 1} eSPPP (Zxt
LThH, KTNVITY XLDHEERL LT, BHZTLA
YR LERERLTED.

6. BhYIC

AFRICTIE, TR RREMEZ R Y 3/ a0 iE
TETMMELTH| D 77 e —F DFEC DN T Uz |/l
FIIERESAEEER/MUCEAL TINE T/ LR
RAEREBDI-bDTHD. AIb,



T2EMBECE O 7= 00K ) + I FHFEEDET NV & 2O B - it - 52 - ) 33

() HonUCDBOFEMBEIN TS, HEMICH

LS NAEEWNZE (D 8) FERY A I HFHEDH

B PPPP, %7, Zo—LE LT,

(2) MEOTFEEZRELRLVWDERY 43 ) BB ERNE

DPLP, x5H1Z,

(3) “HEMLBIBLHINE RS LIz ABIRY 43 ) &l

B &R DPLP,
¥ 7-HiFC PPPP OEER L LT,

(4) S HEZEEL L7z, PPPP D 3%RIThELY Y v RR

VA FHiEDEIE SPPP
EXRE LlemBefik sy, R U A3 ORISR
FB LIS — LRI TE D L 2R L.

BT, R Q) ~ (@ TIEERYEbRNoTE,
JTo& 2, VLSI 7 a7 7°7 81T 5 pin-to-pin BRI
Db 5HNR O —AMOREBERHNEZESELZET
MIOWTER L. 9, PPPP &x1% & LT, Zhizk
Ll Z B — X MICBH 5 = A b PathPenalty & LTH
bbl, TNEZEMNBEKE LTk LEZIEET L E
ePPPP & L, B®YB8%%/IMb#%, PathPenalty ® TIR{E
FHEICEDS SR EETER TEAZLERLE. 2O
TN TY XAE, PPPP OZFNUCET OHEE R 5721 T
T THY, BEEERICBONTOEDENERTER-. &
B, ZOFEIE, EFEo DPLP, APLP # L T SPPP 2
%95, FRZEWKRTOILEET LV eDPLP, eAPLP B
LW eSPPP LU AFICEHATEL D THS.

AEIOHET, ERMLEBREICXT 5, Hgbes
NELTORY AI ) BHEOHBEET VoL, 1218
LI bDEEZXD. bbAA, EROMBEICERT 545
BT, JARFEOWEEMSE LTz, 7T XADR
BURBETHD. SHOBETHIN, LROILEEFNL:
eDPLP, eAPLP F72i% eSPPP IZ% L TH, KHDFiE
DOWFEEATS Z &, S 5HI21%, EBRORMETO®EA %X
ZEThB.
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