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Numerical scheme based on the spectral method for calculating nonlinear hyperbolic evolution
equations

Yoritaka IWATA1, Yasuhiro TAKEI2

Abstract

Numerical scheme for nonlinear hyperbolic evolution equations is made based on the spectral method. The detail discretiza-
tion processes are discussed in case of one-dimensional Klein-Gordon equations. In conclusion, a numerical scheme with
the order of total calculation cost: O(N log2 N is proposed. As benchmark results, the relation between the numerical
precision and the discretization unit size are demonstrated.

Keywords: Fourier spectral method, high-precision numerical scheme

1 Klein-Gordon

Klein-Gordon




∂2u
∂t2 + α

∂2u
∂x2 + βF (u) = 0,

u(x, 0) = f (x),

u(0, t) = u(L, t),

∂u
∂t (x, 0) = g(x),

∂u
∂t (0, t) =

∂u
∂t (L, t),

(1)

α β f (x) g(x) F(u) u

x ∈ Ω = [0, L]

v = ∂u/∂t




∂u
∂t = v,

∂v
∂t + α

∂2u
∂x2 + βF (u) = 0,

u(x, 0) = f (x),

u(0, t) = u(L, t),

v(x, 0) = g(x),

v(0, t) = v(L, t).

(2)
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


u(x, t) = a0(t) +
N∑
k=1

ak(t) cos
(

2π
L kx

)

+

N∑
k=1

bk(t) sin
(

2π
L k x

)
,

v(x, t) = c0(t) +
N∑
k=1

ck(t) cos
(

2π
L kx

)

+

N∑
k=1

dk(t) sin
(

2π
L kx

)
,

(3)

2 3
cos

(
2π
L l x

)
sin

(
2π
L l x

)
x

Ω = [0, L]




da0
dt = c0,
dal
dt = cl, (l=1, · · · ,N ),
dbl
dt = dl, (l=1, · · · ,N )

(4)

2 3
cos

(
2π
L l x

)
, sin

(
2π
L l x

)

x Ω = [0, L]




L dc0
dt + β

∫ L

0 F(u)dx = 0,

L
2
dcl
dt − (α 2π2

L )l2al
+β

∫ L

0 F(u) cos( 2π
L l x)dx = 0,

(l=1, · · · ,N ),

L
2
ddl
dt − (α 2π2

L )l2bl
+β

∫ L

0 F(u) sin( 2π
L l x)dx = 0,

(l=1, · · · ,N )

(5)

4 5 a0 c0 al bl
cl dl 2

5

•
∫ L

0 F(u)dx

•
∫ L

0 F(u) cos
(

2π
L l x

)
dx

•
∫ L

0 F(u) sin
(

2π
L l x

)
dx

[1]




∫ L

0 F(u) cos( 2π
L l x)dx

≃ L
J

∑J−1
j=0 F(u j) cos( 2π

L l xj),
∫ L

0 F(u) sin( 2π
L l x)dx

≃ L
J

∑J−1
j=0 F(u j) sin( 2π

L l xj),
∫ L

0 F(u)dx ≃ L
J

∑J−1
j=0 F(u j).

(6)

Ω J xj
( j = 0, · · · , J) t u

u j = u(xj, t) 6
a0(t) al(t), bl(t), (l = 1, · · · , N)

u j 6

F(u) u M J ≥ (M +
1)N +1 [1]

6
(FFT) 6

O(N log2 N

x1x0 xi xi+1 xJ−1 xJ
L0

· · · · · ·

· · ·

· · ·
u0

u1
ui

u j+1 uJ−1

uJ

1 Ω J
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


da0
dt = c0,
dal
dt = cl,
dbl
dt = dl,

L dc0
dt + β

L
J

∑J−1
j=0 F(u j) = 0,

L
2
dcl
dt − (α 2π2

L )l2al
+β LJ

∑J−1
j=0 F(u j) cos( 2π

L l xj) = 0,

L
2
ddl
dt − (α 2π2

L )l2bl
+β LJ

∑J−1
j=0 F(u j) sin( 2π

L l xj) = 0,

(7)

3

θ [2]
∆t tn = n∆t n ∈ N

an
l
= al(tn), cn

l
= cl(tn) 7

1 2 θ

an+1
l

−an
l

∆t = θcn+1
l + (1 − θ)cnl

θ 0 ≤ θ ≤ 1

an+1
l = an

l + ∆t[(1 − θ)cnl + θc
n+1
l ], (8)

bn
l
= bl(tn), dn

l
= dl(tn)

7 3 θ

bn+1
l = bnl + ∆t[(1 − θ)dn

l + θd
n+1
l ] (9)

un
j = u(xj, tn) F̂n

l
=

2
J

∑J−1
j=0 F(un

j ) cos
(

2π
L l xj

)
7 5

θ

L
2
(cn+1

l
−cn

l
)

∆t − 2απ2

L l2θan+1
l − 2απ2

L l2(1 − θ)an
l

+ β L2 θF̂
n+1
l + β L2 (1 − θ)F̂n

l = 0
(10)

cn+1
l = cnl + α( 2πl

L )2(1 − θ)∆tan
l

− β(1 − θ)∆t F̂n
l

+ α( 2πl
L )2θ∆tan+1

l − βθ∆t F̂n+1
l .

(11)

Ĝn
l
= 2

J

∑J−1
j=0 F(un

j ) sin
(

2π
L l xj

)

7 6 θ

dn+1
l = dn

l + α( 2πl
L )2(1 − θ)∆tbnl

− β(1 − θ)∆tĜn
l

+ α( 2πl
L )2θ∆tbn+1

l − βθ∆tĜn+1
l .

(12)

7 4 θ

cn+1
0 = cn0 − β∆t[(1 − θ)F̂n

0 + θF̂
n+1
0 ] (13)

8 , 9 , 11 , 12 , 13




an+1
l
= an

l
+ ∆t(1 − θ)cn

l
+ ∆tθcn+1

l
,

bn+1
l
= bn

l
+ ∆t(1 − θ)dn

l
+ ∆tθdn+1

l
,

cn+1
l
= cn

l

+α( 2πl
L )2(1 − θ)∆tan

l
− β(1 − θ)∆t F̂n

l

+α( 2πl
L )2θ∆tan+1

l
− βθ∆t F̂n+1

l
,

dn+1
l
= dn

l

+α( 2πl
L )2(1 − θ)∆tbn

l
− β(1 − θ)∆tĜn

l

+α( 2πl
L )2θ∆tbn+1

l
− βθ∆tĜn+1

l
,

cn+1
0 = cn0 − β(1 − θ)∆t F̂n

0 − βθ∆t F̂n+1
0

(14)

14 l = 1, · · · , N
an

0 cn0 an
l

bn
l

cn
l

dn
l

an+1
0 cn+1

0 an+1
l

bn+1
l

cn+1
l

dn+1
l

θ

an+1
0 cn+1

0 an+1
l

bn+1
l

cn+1
l

dn+1
l

14

4

14 an+1
0 cn+1

0 an+1
l

bn+1
l

cn+1
l

dn+1
l

ν 15 an+1
0 cn+1

0 an+1
l

bn+1
l

cn+1
l

dn+1
l

an+1,ν+1
0 cn+1,ν+1

0 an+1,ν+1
l

bn+1,ν+1
l

cn+1,ν+1
l

dn+1,ν+1
l

an+1,ν
0 cn+1,ν

0 an+1,ν
l

bn+1,ν
l

cn+1,ν
l
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dn+1,ν
l




an+1,ν+1
l

= an
l
+ ∆t(1 − θ)cn

l
+ ∆tθcn+1,ν

l
,

bn+1,ν+1
l

= bn
l
+ ∆t(1 − θ)dn

l
+ ∆tθdn+1,ν

l
,

cn+1,ν+1
l

= cn
l

+α( 2πl
L )2(1 − θ)∆tan

l
− β(1 − θ)∆t F̂n

l

+α( 2πl
L )2θ∆tan+1,ν

l
− βθ∆t F̂n+1,ν

l
,

dn+1,ν+1
l

= dn
l

+α( 2πl
L )2(1 − θ)∆tbn

l
− β(1 − θ)∆tĜn

l

+α( 2πl
L )2θ∆tbn+1,ν

l
− βθ∆tĜn+1,ν

l
,

cn+1,ν+1
0 = cn0
−β(1 − θ)∆t F̂n

0 − βθ∆t F̂n+1,ν
0

(15)

F̂n+1,ν
l

Ĝn+1,ν
l

16
un+1,ν
j an+1,ν

l
bn+1,ν
l

cn+1,ν
l

dn+1,ν
l




F̂n+1,ν
0 = 1

J

∑J−1
j=0 F(un+1,ν

j ),

F̂n+1,ν
l

= 2
J

∑J−1
j=0 F(un+1,ν

j ) cos( 2π
L l xj),

Ĝn+1,ν
l

= 2
J

∑J−1
j=0 F(un+1,ν

j ) sin( 2π
L l xj).

(16)

15 an+1,ν
0 cn+1,ν

0 an+1,ν
l

bn+1,ν
l

cn+1,ν
l

dn+1,ν
l

an+1,ν+1
0 cn+1,ν+1

0 an+1,ν+1
l

bn+1,ν+1
l

cn+1,ν+1
l

dn+1,ν+1
l

an+1,ν
0 cn+1,ν

0 an+1,ν
l

bn+1,ν
l

cn+1,ν
l

dn+1,ν
l

14
an+1

0 cn+1
0 an+1

l
bn+1
l

cn+1
l

dn+1
l

16
O(N log2 N

O(N log2 N

5

5.1 F(u)

2 F(u) = u, α = −1, β = 1,Ω =
[0, L]
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E
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E
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N
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5 u v N




∂v
∂t −

∂2u
∂x2 + u = 0,

∂u
∂t = v,

u(x, 0) = 0,

u(0, t) = u(L, t),

v(x, 0) = cos( 2π
L x),

v(0, t) = v(L, t).

(17)

18




u(x, t) = 1√
1+

( 2π
L

)2
sin(

√
1+

( 2π
L

)2
t) cos

(
2π
L x

)
,

v(x, t) = cos(
√

1+
( 2π
L

)2
t) cos

(
2π
L x

)
.

(18)

17
θ = 1

2, J ≥ 2N + 1, L = 8
t = 1 2

3
18

4 5
t = 1 N = 25

N = 210 ∆t = 2−2, 2−3, · · · , 2−15

x xj ( j = 0, · · · , J)

∆t

4 ∆t 1
2

( 1
2 )2 =

1
4

2

△t

N = 25 N = 210

∆t

N = 210 ∆t

∆t

N

5
t = 1 ∆t = 2−6

∆t = 2−13 N = 22, 23, · · · , 215

x xj ( j = 0, · · · , J)
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∆t
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F(u)
6 F(u) u M

J ≥ (M + 1)N + 1
[1] N 3

N

∆t

5.2 F(u)

2 F(u) = sin u α = −1 β = 1
Ω = [0, L]

Sine-Gordon




∂v
∂t −

∂2u
∂x2 + sin u = 0,

∂u
∂t = v,

v(x, 0) = −
√

2
cn(x, 1

2 ) dn(x, 1
2 )√

1− 1
4 sn(x, 1

2 )
,

v(0, t) = v(L, t),

u(x, 0) = 2 sin−1 [ 1
2 sn(x, 1

2 )
]
,

u(0, t) = u(L, t).

(19)

20




u(x, t) = 2 sin−1
[

1
2 sn(x −

√
2t, 1

2 )
]
,

v(x, t) = −
√

2
cn(x−

√
2t, 1

2 ) dn(x−
√

2t, 1
2 )√

1− 1
4 sn2(x−

√
2t, 1

2 )

(20)
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9 u v N

sn, cn, dn [3] L

[3]




L = 4F
(
π
2 ,

1
2

)

= 4
∫ π/2
0

1√
1−

( 1
2
)2

sin2 θ

dθ

= 6.743001419250385098 · · ·

(21)

19
θ = 1

2, J ≥ 2N + 1
t = 1 6 7

20
8

t = 1 N = 25 N = 210

∆t = 2−2, 2−3, · · · , 2−15

x xj ( j = 0, · · · , J)

∆t

8 ∆t 1
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( 1
2 )2 =

1
4 2

N = 25 N = 210
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N = 210 ∆t

F(u)
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t = 1
∆t = 2−6 ∆t = 2−13 N = 22, 23, · · · , 215

x xj ( j =

0, · · · , J)
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N 25
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3

N 25

∆t
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N

∆t N
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O(N log2 N
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