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Numerical scheme based on the implicit Runge–Kutta method and spectral method for calculating
nonlinear hyperbolic evolution equations
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Abstract

Numerical scheme for nonlinear hyperbolic evolution equations is made based on the implicit Runge–Kutta
method and the Fourier spectral method. The detail discretization processes are discussed in case of one-
dimensional Klein-Gordon equations. In conclusion, a numerical scheme with the third-order accuracy is
presented. The order of total calculation cost is equal to O(N log2 N . As benchmark results, the relation
between the numerical precision and the discretization unit size is demonstrated.
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1 Klein-Gordon

Klein-Gordon




∂2u
∂t2 + α

∂2u
∂x2 + βF (u) = 0,

u(x,0) = f (x),

u(0, t) = u(L, t),

∂u
∂t (x,0) = g(x),

∂u
∂t (0, t) =

∂u
∂t (L, t),

(1)

α β f (x) g(x) F(u)
u x ∈ Ω = [0, L]

v = ∂u/∂t




∂u
∂t = v,

∂v
∂t + α

∂2u
∂x2 + βF (u) = 0,

u(x,0) = f (x),

u(0, t) = u(L, t),

v(x,0) = g(x),

v(0, t) = v(L, t).

(2)
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∆x

[1, 2, 3]

∆t CFL (Courant-
Friedrichs-Lewy Condition)

∆x ∆t

∆t

∆t

[4, 5, 6, 7]

[7, 8, 9]

F(u)

F(u)

2 3 Runge–Kutta [10]
[11]

2
2 3 Runge–Kutta

[12, 13, 14]

2

[11, 12, 13]
2 N




u(x, t) = a0(t) +
N∑
k=1

ak(t) cos
(

2π
L kx

)

+

N∑
k=1

bk(t) sin
(

2π
L k x

)
,

v(x, t) = c0(t) +
N∑
k=1

ck(t) cos
(

2π
L k x

)

+

N∑
k=1

dk(t) sin
(

2π
L kx

)
,

(3)

[12, 13]
l = 1,2, · · · ,N




da0
dt = c0,

dal
dt = cl,

dbl
dt = dl,

dc0
dt = − β

J

∑J−1
j=0 F(u j),

dcl
dt = α(

2πl
L )2al

− 2β
J

∑J−1
j=0 F(u j) cos

(
2π
L l xj

)
,

ddl
dt = α(

2πl
L )2bl

− 2β
J

∑J−1
j=0 F(u j) sin

(
2π
L l xj

)

(4)

Ω

J {xj}Jj=0
t u u j = u(xj, t)
a0(t) {al(t)}Nl=1, {bl(t)}Nl=1

u j F(u j)
4 4 6

(FFT)
4 O(N log2 N

4 a, b, c, d
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a = (a0, a1, · · · , aN )t,
b = (0, b1, · · · , bN )t,
c = (c0, c1, · · · , cN )t,
d = (0, d1, · · · , dN )t .

(5)

g0 =
1
J
∑J−1

j=0 F(u j), h0 = 0 gl =
2
J
∑J−1

j=0 F(u j) cos( 2π l
L xj), hl = 2

J
∑J−1

j=0 F(u j) sin( 2π l
L xj) (l =

1, · · · ,N) g, h

g = −β(g0, g1, · · · , gl, · · · , gN )t,
h = −β(h0, h1, · · · , hl, · · · , hN )t .

(6)

α̃l = α( 2πl
L )2 (N + 1)

A, E, E
′

A =



α̃0
α̃1

. . .

α̃N



, (7)

E =



1
1
. . .

1



, (8)

E
′
=



0
1
. . .

1



, (9)

5 9 4
0 = (0, 0, · · · , 0)t

d
dt



a
b
c
d


=



0 0 E 0
0 0 0 E

′

A 0 0 0
0 A 0 0





a
b
c
d


+



0
0
g
h


(10)

W , F , M 10 13

W =



a
b
c
d


, F =



0
0
g
h


. (11)

M =



0 0 E 0
0 0 0 E

′

A 0 0 0
0 A 0 0


. (12)

d
dt

W =MW + F (W ) (13)

g, h (6) {ui}J−1
i=0

F = F (W )
{ui}J−1

i=0 W

3

3.1 Runge-Kutta

[10]
2 3 Runge–Kutta

u(t)




du
dt
= f (t,u), α < t < β,

u(a) = u0

[α, β] N ∆t = β−α
N

{tn}

tn = α + n∆t (n = 0,1, · · · ,N)

u(tn) Un

Runge-Kutta u(tn+1)
Un+1 Runge-Kutta




Un+1 = Un + ∆t
s∑

i=1
biki,

ki = f (tn + ci∆t, Un + ∆t
∑s

j=1 ai j k j) (i = 1,2, · · · , s).

s ai j, bi, ci
ai j � 0 ( j > i)

Runge-Kutta ai j, ci

ci =
s∑
j=1

ai j (i = 1,2, · · · , s)

ai j, bi, ci
Butcher

c1 a11 · · · a1s
...

...
. . .

...
cs as1 · · · ass

b1 · · · bs

Un = u(tn)

Tn+1 =
1
∆t

{
u(tn+1) − u(tn) − ∆t

s∑
i=1

biki

}

Tn+1 =

O((∆t)p) Runge-Kutta p

2
3 Runge-Kutta 2 3

Runge-Kutta Butcher

1/3 5/12 −1/12
1 3/4 1/4

3/4 1/4
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3.2 Runge–Kutta

13 2 3
Runge–Kutta




Wn+1 =Wn +
3
4∆tk1 +

1
4∆tk2,

k1 =M (Wn +
5
12∆tk1 − 1

12∆tk2)
+F (Wn +

5
12∆tk1 − 1

12∆tk2),

k2 =M (Wn +
3
4∆tk1 +

1
4∆tk2)

+F (Wn +
3
4∆tk1 +

1
4∆tk2).

(14)

k1 k2 (N + 1)
ka
i , k

b
i , k

c
i , k

d
i (i = 1,2)

k1 = ((ka
1 )

t, (kb
1 )

t, (kc
1 )

t, (kd
1 )

t )t,
k2 = ((ka

2 )
t, (kb

2 )
t, (kc

2 )
t, (kd

2 )
t )t .

k1 k2 14
14

4




ka
1 = c + 5

12∆tkc
1 − 1

12∆tkc
2 ,

kb
1 = E

′
d + 5

12∆tE
′
kd

1 − 1
12∆tE

′
kd

2 ,

kc
1 = Aa + 5

12∆t Aka
1 − 1

12∆t Aka
2

+g(Wn +
5
12∆tk1 − 1

12∆tk2),

kd
1 = Ab + 5

12∆t Akb
1 − 1

12∆t Akb
2

+h(Wn +
5
12∆tk1 − 1

12∆tk2).

(15)

14 4




ka
2 = c + 3

4∆tkc
1 +

1
4∆tkc

2 ,

kb
2 = E

′
d + 3

4∆tE
′
kd

1 +
1
4∆tE

′
kd

2 ,

kc
2 = Aa + 3

4∆t Aka
1 +

1
4∆t Aka

2
+g(Wn +

3
4∆tk1 +

1
4∆tk2),

kd
2 = Ab + 3

4∆t Akb
1 +

1
4∆t Akb

2
+h(Wn +

3
4∆tk1 +

1
4∆tk2).

(16)

15 16 k1, k2

ν

kν
1 = ((ka,ν

1 )t, (kb,ν
1 )t, (kc,ν

1 )t, (kd,ν
1 )t )t,

kν
2 = ((ka,ν

2 )t, (kb,ν
2 )t, (kc,ν

2 )t, (kd,ν
2 )t )t .

15 16 ν ν + 1




ka,ν+1
1 = c + 5

12∆tkc,ν
1 − 1

12∆tkc,ν
2 ,

ka,ν+1
2 = c + 3

4∆tkc,ν
1 + 1

4∆tkc,ν
2 ,

kb,ν+1
1 = E

′
d + 5

12∆tE
′
kd,ν

1 − 1
12∆tE

′
kd,ν

2 ,

kb,ν+1
2 = E

′
d + 3

4∆tE
′
kd,ν

1 + 1
4∆tE

′
kd,ν

2 ,

kc,ν+1
1 = Aa + 5

12∆t Aka,ν
1 − 1

12∆t Aka,ν
2

+g(Wn +
5
12∆tkν

1 −
1
12∆tkν

2),

kc,ν+1
2 = Aa + 3

4∆t Aka,ν
1 + 1

4∆t Aka,ν
2

+g(Wn +
3
4∆tkν

1 +
1
4∆tkν

2),

kd,ν+1
1 = Ab + 5

12∆t Akb,ν
1 − 1

12∆t Akb,ν
2

+h(Wn +
5
12∆tkν

1 −
1
12∆tkν

2),

kd,ν+1
2 = Ab + 3

4∆t Akb,ν
1 + 1

4∆t Akb,ν
2

+h(Wn +
3
4∆tkν

1 +
1
4∆tkν

2).

(17)

3.3

17 k1
1 =Wn, k

1
2 =Wn

kν
1, k

ν
2

kν
1, k

ν
2

kν+1/2
1 , kν+1/2

2

kν+1/2
1 = ((ka,ν+1

1 )t, (kb,ν+1
1 )t, (kc,ν

1 )t, (kd,ν
1 )t )t,

kν+1/2
2 = ((ka,ν+1

2 )t, (kb,ν+1
2 )t, (kc,ν

2 )t, (kd,ν
2 )t )t .

17 18




ka,ν+1
1 = c + 5

12∆tkc,ν
1 − 1

12∆tkc,ν
2 ,

ka,ν+1
2 = c + 3

4∆tkc,ν
1 + 1

4∆tkc,ν
2 ,

kb,ν+1
1 = E

′
d + 5

12∆tE
′
kd,ν

1 − 1
12∆tE

′
kd,ν

2 ,

kb,ν+1
2 = E

′
d + 3

4∆tE
′
kd,ν

1 + 1
4∆tE

′
kd,ν

2 ,

kc,ν+1
1 = Aa + 5

12∆t Aka,ν+1
1 − 1

12∆t Aka,ν+1
2

+g(Wn +
5
12∆tkν+1/2

1 − 1
12∆tkν+1/2

2 ),

kc,ν+1
2 = Aa + 3

4∆t Aka,ν+1
1 + 1

4∆t Aka,ν+1
2

+g(Wn +
3
4∆tkν+1/2

1 + 1
4∆tkν+1/2

2 ),

kd,ν+1
1 = Ab + 5

12∆t Akb,ν+1
1 − 1

12∆t Akb,ν+1
2

+h(Wn +
5
12∆tkν+1/2

1 − 1
12∆tkν+1/2

2 ),

kd,ν+1
2 = Ab + 3

4∆t Akb,ν+1
1 + 1

4∆t Akb,ν+1
2

+h(Wn +
3
4∆tkν+1/2

1 + 1
4∆tkν+1/2

2 ).

(18)

18
n∆t Wn = (at, bt, ct, dt )t

k1
1 =Wn, k

1
2 =Wn

kX ,ν
x (X = a, b, c, d; x = 1,2) l

kX ,ν
x,l

(l = 0,1, · · · ,N) a,b,c,d l
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al, bl, cl, dl (l = 0,1, · · · ,N)




ka,ν+1
1,l = cl + 5

12∆tkc,ν
1,l − 1

12∆tkc,ν
2,l ,

kb,ν+1
1,l = dl + 5

12∆tkd,ν
1,l − 1

12∆tkd,ν
2,l .

(19)




ka,ν+1
2,l = cl + 3

4∆tkc,ν
1,l +

1
4∆tkc,ν

2,l ,

kb,ν+1
2,l = dl + 3

4∆tkd,ν
1,l +

1
4∆tkd,ν

2,l .
(20)

19 20
kν+1/2

1 , kν+1/2
2

kν+1/2
1 = ((ka,ν+1

1 )t, (kb,ν+1
1 )t, (kc,ν

1 )t, (kd,ν
1 )t )t,

kν+1/2
2 = ((ka,ν+1

2 )t, (kb,ν+1
2 )t, (kc,ν

2 )t, (kd,ν
2 )t )t .

(21)

g, h l g̃l, h̃l (l = 0,1, · · · ,N)
kν+1/2

1 , kν+1/2
2 , Wn

kν+1/2
1 , kν+1/2

2 , Wn, g̃l, h̃l (l = 0,1, · · · ,N)




kc,ν+1
1,l = ãlal + 5

12∆tãlk
a,ν+1
1,l − 1

12∆tãlk
a,ν+1
2,l

+g̃l(Wn +
5
12∆tkν+1/2

1 − 1
12∆tkν+1/2

2 ),

kd,ν+1
1,l = ãlbl + 5

12∆tãlk
b,ν+1
1,l − 1

12∆tãlk
b,ν+1
2,l

+h̃l(Wn +
5
12∆tkν+1/2

1 − 1
12∆tkν+1/2

2 ).

(22)




kc,ν+1
2,l = ãlal + 3

4∆tãlk
a,ν+1
1,l + 1

4∆tãlk
a,ν+1
2,l

+g̃l(Wn +
3
4∆tkν+1/2

1 + 1
4∆tkν+1/2

2 ),

kd,ν+1
2,l = ãlbl + 3

4∆tãlk
b,ν+1
1,l + 1

4∆tãlk
b,ν+1
2,l

+h̃l(Wn +
3
4∆tkν+1/2

1 + 1
4∆tkν+1/2

2 ).

(23)

22 23 kν+1/2
1 , kν+1/2

2
kν+1

1 , k
ν+1
2

kν+1
1 , k

ν+1
2

kν+1
1 , k

ν+1
2 kν+2

1 , k
ν+2
2

kν+1
1 , k

ν+1
2 Wn+1

Wn+1 =Wn +
3
4
∆tkν+1

1 +
1
4
∆tkν+1

2 (24)

Runge–Kutta
O(N log2 N

3

4

4.1 F(u)

2 F(u) = u, α =

−1, β = 1,Ω = [0, L]




∂v
∂t −

∂2u
∂x2 + u = 0,

∂u
∂t = v,

u(x,0) = 0,

u(0, t) = u(L, t),

v(x,0) = cos( 2π
L x),

v(0, t) = v(L, t).

(25)

26




u(x, t) = 1√
1+

( 2π
L

)2
sin(

√
1+

( 2π
L

)2
t) cos

(
2π
L x

)
,

v(x, t) = cos(
√

1+
( 2π
L

)2
t) cos

(
2π
L x

)
.

(26)

25
J ≥ 2N +1, L = 8 t = 1

26
t = 1

1 2
1 t = 1 N = 25

N = 210 ∆t = 2−2,2−3, · · · ,2−15

x

xj ( j = 0, · · · , J)

∆t

2 t = 1 ∆t = 2−6

∆t = 2−13 N = 22,23, · · · ,215

x

xj ( j = 0, · · · , J)

N

θ

θ = 1/2
1 2

[12]

1 2 3 Runge-Kutta
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10-8

10-6

10-4

10-2
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Er
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r

Δt

Theta MH uerr,N5
Theta MH uerr,N10

RK MH uerr,N5
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10-8

10-6

10-4
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100

10-5 10-4 10-3 10-2 10-1

Er
ro

r

Δt

Theta MH verr,N5
Theta MH verr,N10

RK MH verr,N5
RK MH verr,N10

1 u v ∆t Theta MH u(v)err ,N5 Theta MH u(v)err ,N10
N = 25,210 θ u(v) RK MH u(v)err ,N5

RK MH u(v)err ,N10 N = 25,210 Runge-Kutta
u(v)

10-14

10-12

10-10

10-8

10-6

10-4

10-2

100

101 102 103 104

Er
ro

r

N

Theta MH uerr,t6
Theta MH uerr,t13

RK MH uerr,t6
RK MH uerr,t13

10-14

10-12

10-10

10-8

10-6

10-4

10-2

100

101 102 103 104

Er
ro

r

N

Theta MH verr,t6
Theta MH verr,t13

RK MH verr,t6
RK MH verr,t13

2 u v N Theta MH u(v)err ,t6 Theta MH u(v)err ,t13
∆t = 2−6,2−13 θ u(v) RK MH u(v)err ,t6 RK

MH u(v)err ,t16 ∆t = 2−6,2−13 Runge-Kutta u(v)

∆t 1/2 (1/2)3 = 1/8
+ ◦

3

θ ∆t 1/2
(1/2)2 = 1/4 ×

2

N = 25 N = 210 ∆t

N = 210 ∆t

N

∆t

N

2
∆t ∆t

2
∆t

θ

2
∆t = 2−6 ∆t = 2−13

N = 22,23, · · · ,215
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+ ◦
θ

N = 22,23, · · · ,215

×
∆t = 2−6

∆t = 2−13 N

∆t = 2−13

∆t = 2−6 N

∆t

N

N

∆t

θ

4.2 F(u)

2 F(u) = sin u α = −1
β = 1 Ω = [0, L]

Sine-Gordon




∂v
∂t −

∂2u
∂x2 + sin u = 0,

∂u
∂t = v,

v(x,0) = −
√

2
cn(x, 1

2 ) dn(x, 1
2 )√

1− 1
4 sn(x, 1

2 )
,

v(0, t) = v(L, t),

u(x,0) = 2 sin−1 [ 1
2 sn(x, 12 )

]
,

u(0, t) = u(L, t).

(27)

28




u(x, t) = 2 sin−1
[

1
2 sn(x −

√
2t, 12 )

]
,

v(x, t) = −
√

2
cn(x−

√
2t , 1

2 ) dn(x−
√

2t , 1
2 )√

1− 1
4 sn2(x−

√
2t , 1

2 )

(28)

sn,cn,dn L

[15]




L = 4F
(
π
2 ,

1
2

)

= 4
∫ π/2
0

1√
1−

( 1
2
)2

sin2 θ

dθ

= 6.743001419250385098 · · ·

(29)

27
J ≥ 2N + 1, L =

6.743001419250385098 · · · t = 1
28

t = 1
3 4

3 t = 1 N = 25

N = 210 ∆t = 2−2,2−3, · · · ,2−15

x

xj ( j = 0, · · · , J)

∆t

4 t = 1 ∆t = 2−6

∆t = 2−13 N = 22,23, · · · ,215

x

xj ( j = 0, · · · , J)

N

F(u)

θ

3
4 [12]

3
∆t 1/2 (1/2)3 = 1/8
+ ◦ F(u)

3

θ

∆t 1/2 (1/2)2 = 1/4
× 2

F(u)
∆t

N

2
∆t ∆t

4 ∆t = 2−6

θ N = 22,23, · · · ,215

+ ×
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du
dt
= f (t,u), α < t < β,

u(a) = u0

[α, β] N ∆t = β−α
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tn = α + n∆t (n = 0,1, · · · ,N)

u(tn) Un

u(tn+1) Un+1

θ [16]

Un+1 = Un + ∆tθ f (tn+1,Un+1) + ∆t(1 − θ) f (tn,Un).
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θ = 0 θ = 1

θ = 1/2
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