Note on Davenport’s Paper “On the series L (1)’

Teluhiko HLANO

1. Theorems

Let y be a primitive character mod ¢ (>1). For positive number s and non-negative
integer j, we put

Si(s)= """ xln)

nga+1 N
Davenport[1] shows that
THEOREM. Let x be a real prihitive character mod q(>1).
i) If x(—1)=1, then, for every non-negative integer j,
S;(1)>0.
ii) For every integer v >0, there exists a character y such that x(—1)=—1 and
S;(1)<0.

Jor every j=1, 2, -, 7.
In this note, we shall show that Davenport’s method is also available for S;(s), where 0
< s<1 and integer 7 >0 ;

THEOREM 1. Let x be a real primitive charvacter mod q and x(—1)=1. Then, for
every integer j>0 and real number s, 0< s=<1, we have
Sj(S )>Sj+1(S )>O-
THEOREM 2. For every integer » >0 and real number s,, wheve 0< s,<1, there exists
a real primitive character y mod q where x(—1)=—1,
S;(s)<0,

Jor j=1,2, -, r and s, where so<s=1.
The proofs of our theorems are similar to that of Davenport.
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2. Lemmas

In this section, we shall show some lemmas used in the proofs of the theorems.

LEMMA 1. Let ai, a, a;, and a, be positive real number and satisfy the conditions

and
atai=azxtas.
Then, for x>0 and s>0, we have

ISR SR U
(x+a)* (x+a) (x+a) (x+a)f

>0

PROOF. We have

. S 1
(2) (x+a)® (x+a)® (x+aa)3+(x+a4)s

:s[faz du [ du ]
o (x+u)™ Jag (x+u)t!

a\+as—as 1 1 ]
> _
_S./;, (x+u)* (x+tas—a+u)t du

|
|

B ) aytas—as as—a, du
7S(S+1)—/;1 duj; (x+u+0v)°*?
|

;s(s+1)(a4—a3)(aa—al)W

LEMMA 2. Let

f(x) aT i}[dmc0327rmx+bmsin27rmx]

be Fourier expansion of the function

:(]'—f-x)s
Then we have
gn =28 ( 1 1 >_25(s+1)(s+2)< 1 1 )6
m (zﬂm)Z ]'S+1 (]'+1)s+1 (27Tm)4 ]'s+3 (j+l)s+3 m

and

Bigme 2 (L_ 1 )_2s(s+1)< 11 >
" 2wm 7° (j+1) (27m )? 7572 (j+1)s+z Pm,
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where On and ¢, are some constants between () and 1.
PROOF. We put

_ ' cos 2mmx
am(s)—Z-/(; (]-+x)s dxv

sin 2xmx 27rmx
bm(s f ]+x

Using the partial integration, we get

2  sin2mmx | s

(3) an(s)= 2rm (J+x)° T 2rm bn(s+1)
27rm bm(S‘*‘l)
_ 2 cosl2mmx|' s
(4) bn(s)= sim  Gtx) b 2xm an(s+1)
-2 (1 1
T 2mm (js (j+1)° ) 27rm an(s+1).
From (3) and (4), we have
2s 1 1 _ 2s(s+1)(s+2)
(5) an(s)= (27rm)2< st (j+1)s“> (27m)? bm(s+3)
and
_2s (1 1 2s (s+1
(6) e e i s M)
On the other hand, we get
_ m—1 (k+1)/m sin27rmx
buis)=2 % [ Grz)y %
. m—1 (2k+1)/2m ) 1 _ 1 > <
=2 kZ:!O fk/m sm27rmx<(].+x)s Gratm/2)F dx=0.

From this formula and (6), we have
an(s), bn(s)=0.

Hence

2 1 1
7) 0 bals)S 52 (7— (].H)s).

Substituting this formula from (5) to (7), we have proved the lemma.
The following lemma is well-known.

LEMMA 3. Let y be a real non-principal primitive character mod q.

q—1
nZ:‘,l x(n)e? ™™= y(m)yx(—1)q.

Then we have
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3. Proofs of the theorems

From (1) and Lemma 2, we have

—q,] x(n)
SA=Z T+nF

qls :Z;Ii x(n)f (%)
:"21 [am CZ: 2(n)cos Zﬂmn/q>+bm (:g x(n)sin 27rmn/q)].

By Lemma 3, we know that the coefficients of 4, is zero when ¥(—1)=1 and that those of
an is zero when y(—1)=—1. Hence

%rg an(s)x(m) if x(—1)=1

(8) Sis)={ ¢ L.
qs—l/z ”12:1 bm(S)Z(m) if X(—l):"l

Now we prove Theorem 1.

By Lemma 2, we get
_ s=ijz__ 8 1 1 Cos(s+1)s+2)/ 1 1

(9) SJ(S)CI ~or? L(Z, X)<]-s+1 (]-+1)s+1> 81 <]—s+3 (j+1)s+3>]ly

where
- 1

(10) ]1—”.17‘:.1 Omx(m) mt
From the definition of ,, we have

(11) | T 1=¢(4).
Using (9)-(11), we get

) &1 S 1 o 1 _S(S+1)(s+2) 1 _ 1

Si(s)q = 2t L, x)<js*' (j+1)s“) 8! (]'s” (j+1)s*3)C(4)

and
Sj+1(S)Qs“”2
S 1 _ 1 s(s+1)(s+2) 1 _ 1
é 27[2 L(2y X)<(]+1)s+1 (]+2)s+l>+ 8’[4 ((j+1)5+3 (]+2)s+3>§(4)
Since
1 -1
(12) L@ 0zl (1+) =t
b b
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(Si(s)—S;a(s))g®

s 1 2 1
g271.2 L(2, X)<js+1 (]-+1)s+1+(]-+2)s+1>

s+ 11
(13) o (jm (j+2)s+3>§(4)

= 87sr“ §(4)[24< J'sl“ a (]'+21)s” T (J'+12)s“>
—(s+1)(s+2)<js—1+3—(]ﬁ12)v>]

Using (2), the right hand side of (13) can be estimated by

¢4) 25 1
T S(S+1)(S+2)|:(j+2)s+3 ]-s+a]

from below. Since
2 S§+3
<1+7> <931191< 95,
for j=2 and 0< s=1, we have proved the theorem for this case. For j=1, the right hand
side of (13) will be estimated as follows: for s=1/2

24 <1—%+%>—(s+1)(s+2) (1—%>>24—%—6=6(3—/§)>0,

while, for s<1/2

24 32—15v/3
W_(S+1)(S+2)%—V3—£>O.

Now Theorem 1 has been proved.
Next we prove Theorem 2. By Lemma 2, we have

s—1z2_ 1 1 1 _S(S+1) 1 1
(14) Sj(s)l] —ﬂ,L(l,X)< s (j+1)s> 4re (S‘+‘2 (j+1)s+2>]*1v

J
where
_ < 1

(15) ]—1—7?‘::1 ¢mX(m) me
From Lemma 2, we have

(17) | Jo— ¢ |=6(3)—1
and

_ 101 1
(18) ¢1‘b1(5+2)/ T <}'s+2 (j+1)s+2 >

Now we need
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LEMMA 6. For k=1, we put
Gl)=b:(k) (S =20

Then we have

PROOF. We have

' cos 2nx dx
o (7+x )

A U
=), cos2mx (G+x) (GG+1/2—x)""  (J+1/2+x)*! (FJ+1—x)*! e

It follows from Lemma 1 that the above integrand is non-negative. Thus

(19) ' cos 27mx
o (F4+x)*! dx
14 1 1 B 1 1 )
=/ ((;’ﬂ)w GFU 2= GHif2txf T Gri—x)Fr )
1/1 2 2 1

:?<j_‘*_ GFUaF T GH3/aF  GHiF )
Substituting (19) to the definition of G(%) and (4), we have

o 1z 6w (G grarar)/ (o)

Using the mean value theorem for the function x*, we have

1 1 1 1 1 \*!
(G+1/4)* (j+3/4)"gk<(j+1/4)_ (j+3/4)><j+3/4>

and

1 1 (L__l_ (L A=
FGRF =R j+1) j) :

Hence (20) implies

iG+1) i Y8 (4

Lemma 6 implies

1

IV

§ i)s+2
¢1§5<7 i

From (15), (17) and Lemma 2, we have
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s—1/2 L i_ 1 _S(S+1) 1 _ 1 o
Sj(S)(] gﬂ-L(lv x)<j8 (]+1)s> 4”3 <]'s+2 (]+1)s+2>(¢l §(3)+1)

On the other hand, we get

¢.—5(3>+1g%(%) —(¢(3)-1)
()b )
;%2*—%—0>0.

Hence there exists some positive constant ¢ such that

sz 1 1 1 _s(s+1) 1 1
(23) Sj(s)q é T L(]., x><]s (]+1)s> 47[3 C(js+2 (]+1)342>

As Davenport[1], we know that there exists a character such that L(1, x) is small as
possible. This implies the theorem.
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