On Primitive Schubert Indices
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Abstract

Let ¢=(ao, a1, ***, @g-1) be a Schubert index of genus g, i.e., ao, @, -, @g-1 are non-negative
integers with @o<ao < <@, 1 <g—1. We say that ¢ is Weierstrass if it is the Schubert index
a(P) of a pointed curve (C, P) of genus g where a curve means a complete non-singlar 1-
dimensional algebraic variety over an algebraically closed field % of characteristic 0. Moreover,
it is said that @ is dimensionally proper if there exists a pointed curve (C, P) with ¢(P)=a such
that the moduli space &, of pointed curves with Schubert index ¢ has codimension w(¢) in the
moduli space #, of pointed curves of genus g, locally at (C, P). In this paper we shall give
examples of Weierstrass (resp. dimensionally proper) primitive Schubert indices of weight>g. We
note that a Schubert index @=(ao, @, -, @g—1) is primitive if and only if 2(i,+1)> g+ ag-1 Where
2:,,=0 and @,,+1 0. Moreover, examples of primitive Schubert indices which are not dimensional-
ly proper are given.

Introduction
Let ¢=(ao, a1, -, @g—1) be a Schubert index of genus g. Then H(a) denotes the
complement of the set {@;+i+1]i=0, 1, -, g—1} in the additive semigroup N of non-

negative integers. It is said that o satisfies the semigroup condition if H(a) becomes a
subsemigroup of N. Recall that Schubert indices of genus g are partially ordered by <«
if g:<a;, i=0, -, g—1 where a=(ao, ***, @¢-1) and f=(Bo, -, Be—1). We say that a
Schubert index @ is primitive if every Schubert index B with < satisfies the semigroup
condition, which is equivalent to 2(7o+1)> @¢-1+g Where ¢,,=0 and a;,+,+0". In this case,
jo+1 (resp. aq_1+g) is called the first non-gap (resp. the last gap) of @. Let C be a curve
of genus g. For any point P of C, a non-negative integer # is called a gap at P if

h(C, 2c((n—1)P))=h’(C, ¢c(nP)).

Then the number of gaps at P is equal to g. If we set @,..(P)=m,—1 for j=1, ---, g where
m1< ma2<-+<mg are the gaps at P, then a¢(P)=(ao(P), -+, ag-1(P)) is a Schubert index of
genus g satisfying the semigroup condition. But the converse is false. In fact Buchweitz
first showed that not every Schbert index ¢ satisfying the semigroup condition has a pointed
curve (C, P) with ¢(P)=ug¢, i.e., not every ¢ is Weierstrass?. On the other hand, let .#,, be
the moduli space of pointed curves of genus g and for any Schubert index « of genus g we
may define a locally closed subset of #,, by &,={(C, P)E#g:|la(P)=a}. If a is
Weierstrass, then the weight w(a) of ¢ gives an upper bound for the codimension of any
component of &#,. We say that ¢ is dimensionally proper if there is a component of &,
which is of codimension w(e). Eisenbud-Harris (resp. the author) showed that any
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Schubert index of weight <g—2 (resp. of weight g—1) is dimensionally proper”®.

In this paper we are devoted to primitive Schubert indices of genus g and of weight >
g. First we shall give examples of dimensionally proper Schubert indices of weight g in § 1.
In § 2 we shall give examples of primitive Schubert indices which are not dimensionally
proper. Lastly primitive Schubert indices of genus g <8 are investigated in § 3. The author
would like to thank Dr. S. Tsuyumine for writing a TURBO C program useful for calculating
examples of primitive Schubert indices with a fixed weight.

§1. On Primitive Schubert Indices of Genus g and of Weight g.

Using the result of Eisenbud-Harris" we get the following :

Proposition 1. Assume that for any even number h=>6 the Schubert index a(h)=
(07211 9n12=3 32y 45 dimensionally proper. Then any primitive Schubert index of genus g and
of weight g is dimensionally proper.

Proof. Let 3=(05"", 1, -+, B») be a primitive Schubert index of genus g and of weight
g with 8, ,>2. Suppose that 5, ;=2. Since £ is primitive and of weight g, we have
2(g—n+1)>g+ B, which implies that 2(%»—1)+8,—2»n+2—£,>0. This is a contradiction.
Hence 3, :>3. Then we have a sequence
rO=a(2n+2)=(0""2 2" 3)— yV'=(0""® 2", 3, 4)—> - —
y(ﬂn‘fi):(on-‘-ﬁn*ly 2n~2‘ 3, /871 )_._, 7,(/57n+/9n—1~6)

:(0n+ﬁn+/9n71*4’ 271—2’ Bn+l, Bn) R ,7,(:;'—2)1—2):3:(0g—n7 Bl, . Bn)

where w(y“*")=w(y")+1 for i =0, ---, g—2n—2 and all Schubert indices in the above are
primitive®. It follows from the result of Eisenbud-Harris"® that g is dimensionally proper.
Next we suppose that 8,=1. Then £, must be larger than 1. Hence we have
Bi=-=p,=1and B,,,=>2 for some 1</<n—1. There is a sequence

7’:(05'7", Bisr, =, Bn F—0%"", 1, Bis1, =, Bu)——
(Ogin, 11, ﬂlﬂ, " Bn)=R8

where all Schubert indices in the above are primitive®. Since y is a primitive Schubert index
of genus n—{ and of weight »—/, this case is reduced to the case 8,>2. Q.E.D.

Let ¢ be a Schubert index of genus g satisfying the semigroup condition, {@: << @»}
the minimal set of generators for the semigroup H = H (¢ ) and
o: P=k[X,, -, Xul— k[ ¢"] yeu the k-algebra homomorphism defined by ¢(X;)=t% for
i=1, -, n. Weset [=Ker 9o, B=P/] and C=Spec B. Let T¢ be the k-vector space of
first order deformations of C and D the B-submodule of Homs(//I?, B) generated by the
homomorphisms dq), de), ***, dny Where dy,: I/I>— B is defined by sending 4+ I? to oh/oX,
+7 with <] for all /=1, 2, .-, n. Then we have the exact sequence of £-vector spaces
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0— D—— Homg(I/I?, B2 T¢—0°.

Recall that Homs(///?, B) and D have natural gradings through ¢*%. Hence the above
exact sequence defines a natural grading on T¢ as follows : for any yEZ, we denote by T&(v)
the image of the y-th graded piece of Homs(//1%, B) by the homomorphim @. Assume that
n=3. Then by the results of Pinkham* and Schaps® we have

dim &,=dim, E}O Té(yv)—1.
Hence we see the following :

Proposition 2. We have dim & 33 =10, hence the Schubert index (0, 3, 3) is dimen-
sionally proper.

Proof. 1f weset @=(0%, 3, 3), then {5, 6, 7} is the minimal set of generators for H(a). It ‘
is easily seen that the ideal / is generated by
le_Xf+XzX§, f2:_X§+X1X3 and f3: —X§+X13Xg
We denote by (4., k., hs) the B-module homomorphism § : J/[>— B defined by 4(f;+1?)
=h;+1 for ;=1,2,3. Since the generators for the ideal I are the 2 by 2 minors of
/“72 AX’B
X3 31, Homs(I/I?, B) is generated as a B-module by the homomorphisms
X, X3
911:(0, Xz, *XIQ'), 12:(0, _Xl, X%), 521:(—X2, 0, Xs), 9zz:(X1, 0, —Xz),
931:(X13, — X, 0) and 032:(_X§, X, 0).
Then we have

d1:~031_3X12(922, d2=— 03— 61, and ds=—2X3021— 012.

Hence the following are a k-basis for 3} T(y):

v<o

022€ TE(—15), 021€ T —14), X1022€ T —10), X:0:2€ Ti—=9), Xs0:2.€ TE(—8),
0:1:€ T(=17), 0uE TH(—6), 0::€ TE(—5), X1 X20:2:€ TE(—4), X1X36:.€ TE(—3) and
X2 X30:,€ TE(—2).

Therefore we obtain

dim & ,=dim, Z‘o Téy)—1=10. Q.E.D.
For example by Proposition 2 and the proof of Proposition 1 we get the following :

Corollary 1. Let m and n be twe positive integers with m<n and m+n=g. Then the
Schubert index (0572, m, n) is dimensionally proper.

Since any primitive Schubert index of genus g and of weight <g—1 is dimensionally
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proper, we propose the following problem :

Problem. Is any primitive Schubert index of genus g and of weight g dimensionally
proper ?
I do not even know whether the above index is Weierstrass or not.

§ 2. On Primitive Schubert Indices Which are not Dimensionally Proper

In this section we shall give a lot of examples of primitive Schubert indices which are not
dimensionally proper.

Definition. Let @ =(ao, @, ---. @¢-1) be a Schubert index of genus g. Then an element
of the set G={a;+i+1|i=0,1, -, g—1} is called a gap of @. The index « is said to be
semi- Weierstrass if the number of the set {r+s|#», s& G} is less than 3g—2. It is known
that any Weierstrass Schubert index is semi-Weierstrass".

Example 1. The following are primitive Schubert indices of genus g which are not
semi-Weierstrass”.

1) (0", n—2m, n—2m+1, -, n—2m+m—2, n—m, n—m) m=3, n=4m and
g=nt+tm+l,

2) (0", n—2m, n—2m, n—2m+2, n—2m+2+1, -, n—2m+2+m—2), m=3, n=4m
and g=n+m+1,

3) (0", n—2m, n—2m, n—2m=+1, -, n—2m+m—1, n—2m+m—1), n=4m, m>3 and
g=nt+m+2,

4) (0", n—m, @niz, Anss, n—3), n=12, 6<m=<[n/2], n—m<an+2<an3<n—3,
tHa+bla, bE{n—m, 1+ an+s, 2+ an+s, n}}=10 and g=n+4.

n—6, n—6, n—4, n—4) is
primitive and semi-Weierstrass, but it is not dimensionally proper.

Example 2. For any »>12, the Schubert index a=(0""

’

Proof. Using Proposition in 7) we see that ¢ is semi-Weierstrass. Assume that ¢ is
dimensionally proper. From the result due to Eisenbud-Harris? we deduce that
B=(0", n—6, n—6, n—4, n—23) is dimensionally proper, hence it is Weierstrass. But 3 is not
semi-Weierstrass”. This is a contradiction. Q.E.D.

Lemma 1. Let n, m and [ be positive integers. If n>m~+[—2, then a=(0", [™) is a
semi- Weierstrass primitive Schubert index.

Proof. The first non-gap (resp. the last gap) of @ is equal to n+1 (resp. [+ n+ m).
Because n>m+[—2 we have 2(n+1)>[+ n+m, which implies that ¢ is primitive. If
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m <3, it follows from Proposition in 7) that ¢ is semi-Weierstrass. Assume that m>4. Let
G be the set of gaps of ¢. Then we have

G={L,2, -, n, I+nt+l, I+n+2, -, [+ntm}
We set A={r+s—2|r, s€EG}. It is easily seen that
A=10, 2n+m~+1—2]U[2n+21, 2n+2{+2m—2]
where for two integers p <q we denote by [p, ¢] the set of integers » with p < »< g, because
n—1+n—1—(n+l)=n—[-2>m+1—-2—[—2=m—4=0.
Hence we obtain

#A<2n+m~+I1—1+2n+2{+2m—2—C2n+2]1—1)=2n+3m+1—2
=3(n+m)—3—(n—1—-1)<3(n+m)—3—(m—3)<3(n+m)—3,

which implies that ¢ is semi-Weierstrass. Q.E.D.

Proposition 3. Let n>m be positive integers with (n—m)m+4dm—6n—1>0. Then
a=(0", m" ™) is a semi- Weierstrass primitive Schubert index which is not dimensionally

proper.

Proof. We have n—(n+1—m+m—2)=1>0. From Lemma 1 we deduce that ¢ is
semi-Weierstrass and primitive. Now the genus (resp. the weight) of ¢ is equal to
g=2n+1—m (resp. w=m(n+1—m)). Hence we obtain

3g—2—w=32n+1-—m)—2—mn+1—m)=—{(n—m)m+4m—6n—1}<0,

which implies that ¢ must be not dimensionally proper. Q.E.D.

By Proposition 3 we get the following examples whose latter one is due to Eisenbud-
Harris?.

Example 3. The following are semi-Weierstrass primitive Schubert indices which are

not dimensionally proper.

(1) (07, 7*7°), n=>23, (2) (0%, (271+1)"), /=6.

The question of which primitive Schubert indices ¢ are dimensionally proper remains

open. For example we would like to know :

Problem. (1) Is any primitive Schubert index of genus g and of weight  with
g<w<g+12 dimensionally proper? In a weaker sense is it Weierstrass ?
(2) Does there exist a primitive Weierstrass Schubert index which is not dimensionally

proper ?
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§3. On Primitive Schubert Indices of Genus g<8.

In the last section we investigate which primitive Schubert indices of genus g<8 are
dimensionally proper (resp. Weierstrass). Since all primitive Schubert indices of weight <
g—1 are dimensionally proper, we give the primitive Schubert indices of weight >g in the
case g<8.

Example 4. (1) The primitive Schubert index of genus 6 and of weight >6 is (0*, 3%).

(2) The primitive Schubert indices of genus 7 and of weight >7 are (0°, 3, 4) and (0°, 4%).

(3) The primitive Schubert indices of genus 8 and of weight >8 are (0°, 2, 3, 3), (0°, 4%),
(0%, 3, 5), (0°, 3%) and (0%, 4, 5).

By Corollary 1 we see the following :
Remark. The indices (0, 32), (0%, 3, 4), (0%, 42) and (0°, 3, 5) are dimensionally proper.
Proposition 4. The indices (0°, 42), (0, 3°) and (0%, 4, 5) are Weierstrass.

Proof. Let @=<6,7,8,9>. Then we have H(a)=<6,7,8,9> where for any positive
integers a, -+, an, <ai, ***, an> denotes the subsemigroup of N generated by a,, --:, a». Let
C be a curve defined by an equation of the form y®=(x—a)(x —b)(x —c)(x—d)* where q, b,
¢ and { are distinct elements of 4. Let f: C——P' be the surjective morphism defined by
sending any point P of C to (1, x(P)). Weset £ '((0, 1))={P~}. Then ¢=a(P.)?, which
implies that ¢ is Weierstrass.

Let @=(0% 3°). Then we have H(a)=<6, 7, 8, 17>. Since H(a) is l-neat, @ is
Weierstrass?.

Let @=(0°% 4, 5). Then we have H=H (a)=<7, 8, 9, 10, 12>. Let
¢: k[ X]=k[ X\, Xzy oo, Xs]— k[ t%] sen be the k-algebra homomorphism defined by
o(X;)=t% for {=1, ---, 5, where we set ¢:=7, a-=8, a3=9, a+=10 and a;=12. It is seen
that the ideal Ker ¢ is generatred by

X13_X3X5, X§-X1X3, Xaz*XzX‘x, X§7X2XS. Xg_X%X4, XlZXZ_X-aXS,
X1 Xi— X2 X3 and Xle_X3X4.

Let S be the subsemigroup of Z°® generated by

bi=e, for i=1, -, 6, br=e1te.—es, bs=estes—ez bo—estes—e: and
bio=estes— e,

where for any 1<;<6 e; denotes the vector whose ;-th component is equal to 1 and whose
j7—th component is equal to 0 if j+7. We set

Xl gz—X1 gi= Xa,g4 Xz gs—Xz ge—Xq,g7 Xs,gs—Xs g9 = X4 andgm—Xs
Let r: k[ Y=kl Yy, =, Yiel—k[ T°]ses (resp. n: k[ Y]— k[ X]) be the k-algebra
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homomorphism defined by z(Y;)= T* (resp. »(Y:)=g:). Then we see that the ideal Ker ¢
is generated by the elements of »(Ker r). Hence ¢ is Weierstrass!®. Q.E.D.

It seems to me that the following questions remain open.

Problem. (1) Is the index (0% 2,3,3) Weierstrass? Moreover, is it dimensionally
proper ?
(2) Are the indices (0°, 4%), (0%, 3%) and (0%, 4, 5) dimensionally proper ?
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