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Abstract

For 1-D and 2-D recursive digital filters, the stability necessary and sufficient conditions were
obtained V. In this paper, for 3 or higher dimensional recursive filters, the stable sufficient
conditions are presented. Especially, for 3-D filters, the necessary and sufficient conditions are
mathematically obtained. And also, for the multilinear 4-variate example, the necessary and
sufficient conditions are obtained.

1. Introduction

composed of coefficients of the denominators of their transfer functions”. This paper
describes that we can obtain the stable condition represented in literal coefficients as
sufficient condition for 3-or higher-dimensional digital filters.

2. Some Theories

It have been shown in Ref. (2) that the stable condition for N-dimensional digital filters
is reduced to the positive value problem of polynomials for (N-1) variables. Accordingly, the
stable condition for 2-dimensional digital filters can be solved perfectly by applying Sturm’s
theorem, etc®. and Takahashi’s lemma" as the positive value problem of polynomials for one
variable.

3. The Positive Value Problem for Multivariable Polynomials

As to multivaliable polynomials, the stability condition is representable as the sum of
product form of resultants by aiming at one valiable, considering the other variables to be
parameters and applying the theory in Sec. 2.

Y:;gnl Xi,l'Xi,Z""'X[,j,- (1)

(where j; is an integer number for any 7)

Received, 1994. 9. 20.
* ST R




180 Research Reports of Kanagawa B-19 (1995)

And the condition satisfying Y =1 is

X+ Xipo+ Xi;=1(i=1 or 2 or --- or »n). (2)
Therefore, the sufficient condition satisfying ¥ =1 is that X+ X,,-+-+ X,,=1 holds for each
prime implicant, that is, X;, >0 (=1, ---, j;) holds, X;, forms a polynomial that is deleted one
valiable from the beginning polynomial. Consequently, we can obtain the conditional for-
mula represented in only literal coefficients that do not include variables by applying the
above algorithm recursively.

4. Examples

Let the denominator polynomial of a transfer function to be

B(Z1, Zs, Zs, Z)=14 aZi\ZsZs+ bZ: 774+ cZs 747,
+dZi 2\ 2+ eZ)\ 2273 7.

The sufficient condition that B(Z,, Z,, Zs, Zi) can be stable are given by the following steps.
(i) Substitute Z; for Z,=(1—S,)/(1+S,) (i=1, 2, 3, 4), where S,=ix, S,=/y, S;=jz and
Ss=jw. Then rearrange it in the real part and the imaginary part.
Ba(x, y, z, w)=z{Aiwxy + Asw+ Asx + Auy} + B+ Boxy + Bswx + Bawy
+7[2{ Ci+ Coxy+ Caux + Cawy} + Dywxy + Daw + Dsx + Diy]
(where the coefficient A;, B;, C; are polynomials composed of «, b, ¢, d, e).

(3)

(i) Applying the theories described in sec. 2 to Balx, v, z, w), we get

_ [ Awwxy + Aew + Asx + Ay Bit Bexy + Bswx + Bawy
Cit Coxy+ Cswy+ Cawy  Dvwxy+ Dow + Dsx + Dyy
(for any real x, y, 2)

R <0. (4)

By arranging the left side hand in the above inequality for x, we get

R=xaw?*y*+ Biw*+ ny*+ diwy + 1) + x(@w?y + Bowy*+ yow + 82v) )
+asw?y? + Bswy + 7s

Since R is a quadratic equation, the following conditions are obtained without considering the
sequence of resultants. Then the discriminant is negative.So,

{@w?y + Bawy*+ yaw + 82y} (6)
—daw*y* + i+ ny*+ Siwy + e)(@sw? v + Bawy + 73) < 0
(where the coefficients a;, £, 7: 8: (i=1~3) are polynomials with «, b, ¢, d, e)

By arranging the above inequality for y, we get
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f(y)=w?y*{Aw*+ B}
+ V2w (@’ + 82) —4 Bsw (e w® + 1) — 45 wias)
+wy¥{ Cw®+ D} + vl Ew*+ Fw*+ G} (7
+yw{Hw*+ I} + Ju*+ K
>0

(where the coefficients A, B, C, D, E, F, G, H, I, ], K are polynomials with ¢, b, ¢, d, e.)
As for this polynomial, we try to obtain the sequence of resultants (Ro=1, Ri, R», K3, R4)

from 7(») an <L7(v)

The following inequalities satisfy the condition where f(y) is positive by the result of
Ref. 4.
R>0 and R,+ Rs>0. ®)
Consequently, the sufficient condition can be obtained as follows.
(1) R:>0, R:<0, )
or
(2) R:>0, Rs<0, (10)
(iii) R, R., Rs, R. are calculated as follows.

Ri=4w*{Aw?*+ B}*>0 (11)
4w Aw*+ B) 3w(Cw’+D) 2(Ew*+ Fuw*+G)
R.=| wAw*+B) w(Cw?*+D) Ew'+Fuw*+G

0 4w (Aw*+B) 3w(Cw’+D)
X (Aw?+ B)w?
= w( Aw*+ B)*X (the 3 order equation for w?) 12)
Rs;=(at most, the 12 order equation for w?) (13)
R.=(at most, the 32 order equation for w) (14)

(See an appendix for R; and R,.)

(iv) As to R, Rs and R,, for variable w, their resultants are obtatined as expressions
composed of literal coefficients. Then, the condition corresponding to the sufficient condi-
tion in (ii) can be obtained by investigating the number of sign changes in their resultants.

(v) In practice, we calculate these resultants.

There exist resultants of RS, R, ..., Ri® for R..
16
Z‘.l Sign (R R$)=0 (15)

In the same manner, we can derive resultants of RJ, Rj, .. 24 for Ry and R}, R for R,

vy,

respectively.

2
241 Sign(R{™+ R)=0 (16)
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f?‘il Sign(Ri™' R)=0 (17)

The formulas (15), (16) and (17) can be expressed as the sum of prime implicants by
minimizing them when we consider them to be logic functions.

5. Conclusion

This paper descibed the method to find the sufficient condition of stability for N-dimen-
sional recursive digital filters, especially, as an example for a linear 4-dimensional digital,
filter.

As for an interesting point :

(1) The algorithm to establish stable domains as subsets one after another recursively
is similar to the method to determine filters in set theory. And for any 3-dimensional digital
filter, by extending the logic formula that expresses the filter itself to the sum of product
form, this problem can be reduced to the positive value problem of an envelope. In this case,
we can get the necessary and sufficient condition in enough technical accuracy.
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Rs=

R4:

Appendix
w* Aw?*+ B) w(Cw?*+ D) (Ew*+ Fuw*+G) w(Hw*+1)
0 4w (Aw*+ B) 3w(Cw?+ D) 20Ew*+ Fuw*+G)
0 w*(Aw*+ B) w(Cw*+ D) Ew*+ Fuw*+ G
0. 0 4w*(Aw*+ B) 3w(Cw*+ D)
0 0 w(Aw?*+ B) w(Cw?*+ D)
0 0 0 4w (Aw*+ B)
Juw+ K 0
w(Hw*+1) 0
w(Hw?*+1) Juw*+ K
2AEw*+ Fuw’+G) w(Hw*+1)
Ew'+ Fu*+ G w(Hw?*+ 1)
3w(Cw?+ D) 20Ew*+ Fuw*+ G)
w*(Aw?*+ B) w(Cw?*+ D) (Ew*+ Fuw*+G) w(Hw?+1)
0 4w (Aw*+ B) 3w(Cw?+ D) 20Ew*+ Fuw*+ G)
0 w*(Aw*+ B) w(Cw?*+ D) Ew'+ Fuw*+G
0 0 4w (Aw*+ B) 3w(Cw?*+ D)
0 0 w*(Aw?*+ B) w(Cw*+ D)
0 0 0 4w (Aw*+ B)
0 0 0 w(Aw*+ B)
0 0 0 0
Juw*+K 0 0 0
w(Hw?*+1) 0 0 0
w(Hw?*+ 1) Ju*+ K 0 0
2AEw*+ Fuw*+ G) w(Hw*+1) 0 0
Ew'+ Fuw*+ G w(Hw*+1) Juw*+ K 0
3w(Cw?*+ D) 2AEw*+ Fuw*+G) w(Hw*+1) 0
. w(Cw*+D) Ew'+ Fuw*+G w(Hw?*+1) Juw*+ K
4w (Aw*+ B) 3w(Cw?*+ D) 20Ew*+ Fuw*+G)  w(Hw*+1)
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