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Abstract

We introduce the notion of index of a numerical semigroup. Using this index we
classify the primitive numerical semigroups starting with an even number and investigate

whether such a numerical semigroup is non-Weierstrass.
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§1. Introduction.

In this paper, N will denote the additive semigroup of non-negative integers. A subsemigroup H of
N is called a numerical semigroup if its complement N\ H in N is finite. The number §(N\H) = g(H)
is called the genus of H. We set

L(H) =N\H= {ll <hb<---< lg(H)}-

Let C be a complete non-singular irreducible algebraic curve of genus g over an algebraically closed
field k of characteristic 0, which is called a curve in this paper. For any point P of C, H(P) denotes the
set of integers which are pole orders at P of regular functions on C\{P}. Then H(P) is a numerical
semigroup of genus g. A numerical semigroup H is said to be Weierstrass if there exists a pointed
curve (C, P) such that H = H(P). Hurwitiz’s original question was whether any numerical semigroup
is Weierstrass?). This was a long-standing problem. Buchweitz finally showed that not every numerical
semigroup is Weierstrass?) : In fact, if H is Weierstrass, then we must have § L, (H) < (2m—1)(g(H)-1)
for each m > 2 where L,,(H) denotes the set of all sums of m elements of L(H), because the k-vector
space of m-fold regular differentials on a curve of genus g has dimension (2m —1)(g—1). He constructed
numerical semigroups H which satisfy L., (H) > (2m — 1)(g(H) — 1) for some m > 2. For this reason
we say that a numerical semigroup H is said to be Buchweitz if it satisfies § L, (H) > (2m—1)(g(H)—1)
for some m > 2. We are interested in investigating whether a given numerical semigroup is Buchweitz.
For that purpose we define the following notions: A numerical semigroup H is called an n-semigroup
if the minimum of positive integers in H is n. In this case the standard basis S(H) for H is the set
{n,s1,...,8n—1} where s; = Min{h € H|h =i mod n} for each i. Let

s(H) = Min{s; + sp—ili=1,..., [g] }.

We denote by Ind(H) the non-negative integer

! Z(Si + 5, — s(H)),

n
=1
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which is called the indez of the n-semigroup H. In this paper, we are devoted to the primitive n-
semigroups of a given index with an even number n, where a primitive n-semigroup H means that the
largest integer which does not belong to H is less than 2n. Our aim is to investigate whether such a

numerical semigroup is Buchweitz.

§2. Classification of the primitive n-semigroups with an even number n by their indices.

Let n be an integer > 2. In this section let H be a primitive n-semigroup. Then we have
{1,....n—=1}CL(H)C{1,....,n=1,n+1,...,2n - 1},

which implies that n — 1 < g(H) < 2(n — 1). In the primitive case we get the following results for the
values of s(H) and Ind(H).

Lemma 2.1 We have s(H) = 3n or 4n or 5n.
Proof. Since n < s; < 3n for all 7, we get our result. O

Proposition 2.2 The integer Ind(H) is between 0 and 2([n/2] — 1), where [r] denotes the integral
part of r.

Proof.  The number Ind(H) takes the maximum if there exists i with 1 < i < [n/2] such that
n+i,n+n—1i€ S(H)and n+j & S(H) for each j which is distinct from 7 and n — i. Hence we get

Ind(H) < % ([g] - 1) (5n — 3n) = 2 ([g] - 1). 0

From now on we assume that n is an even number. We set § = 1 (resp. 2) if s,/ = n + n/2 (resp.
2n 4+ n/2). There is an important and useful relation between g(H), s(H) and Ind(H).

Proposition 2.3 We have

g(H) =

’21 <S_(ni) — 1) +Ind(H) - 6.

Proof. Since we have

Ll S8i+ 8pn—i 1 LA
= LN = dI H)=—- 1 n—i H ’
g(H) ; ( - 1) § and Ind(H) - ;(s +s s(H))
we get the above relation. a

For the indices of the primitive n-semigroups we get the following results :

Theorem 2.4 (0) 0 <Ind(H) <n-2.
(1) If s(H) = 5n, then H is uniquely detemined. In fact, L(H) ={1,....,n—1,n+1,...,2n—1}. In
this case, Ind(H) = 0.

(2) If s(H) = 4n, then 0 < Ind(H) < "=2.

2
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(3) If s(H) = 3n, then Ind(H) = g(H) — (n - 9).

Proof. The inequalities (0) follow from Proposition 2.2. The statement (1) is obvious. Let s(H) = 4n.

Then we have
n—2

Ind(H) = 3

(8i + 8n—i —4n) <

S|
1

i=1

The relation (3) follows directly from Proposition 2.3. O

§3. Non-Weierstrass n-semigroups with an even number n which are Buchweitz.

We assume that n is an even number > 6, because we know that all 4-semigroups are Weierstrass® .

In this section let H be a primitive n-semigroup. We denote by w(H) the integer ngp(li —1), which
is called the weight of H. First we show that if s(H) and Ind(H) take some border values, then H is

Weierstrass.

Proposition 3.1 An n-semigroup H is Weierstrass if it satisfies one of the following conditions :

(1) s(H) = 5n.

(2) s(H) = 4n and Ind(H) = (n —2)/2.
(3) s(H) = 3n and Ind(H) =n — 2.

(4) s(H) = 3n and Ind(H) = 1.

(5) s(H) = 3n and Ind(H) = 0.

Proof. (1) If s(H) = 5n, then w(H) =n - 1< g(H) — 2 =2n — 4. Hence H is Weierstrass®).

(2) Let s(H) = 4n and Ind(H) = (n — 2)/2. Then there is i with 1 <i<n -1 such that s; =n +1¢
and s; = 2n + j for all j # i. Hence

LH)={1,....n-1,n+1,...,n+i-1n+i+1,...,n+n—1}

which implies that w(H) =2n —3—i < g(H) — 1 =2n — 4. Hence H is Weierstrass)®).

(3) Let s(H) = 3n and Ind(H) = n — 2. Then there exists 7 with 1 <7 < n/2 such that
LH)={1,....n—1,n+1,....2n = 1}\{n+4,n +n — i},

which implies that w(H) = 2n — 6 < g(H) — 2. Therefore H is Weierstrass.

(4) Let s(H) = 3n and Ind(H) = 1. Then there is i with 1 < ¢ < n — 1 such that s; = 2n + 1,
$,_; =n+n—iandforall j #i,n—i,s; =n+j, Sa—j =n+n—j. Hence L(H) = {1,...,n=1,n+1},
which implies that w(H) < g(H) — 1. Thus H is Weierstrass.

(5) Let s(H) = 3n and Ind(H) = 0. Then L(H) = {1,...,n — 1}, which implies that H is Weierstrass.
a

We do not know whether all n-semigroups H with s(H) = 4n are Weierstrass, but we get the follow-

ing result :
Theorem 3.2 All n-semigroups H with s(H) = 4n are non-Buchweitz.

Proof. In view of L(H) C {1,...,n — 1,n+1,...,2n — 1}, we have L,,(H) C {m,...,m(2n — 1)}
for all m > 2, which implies that §L,(H) < m(2n —1) — (m — 1). In view of s(H) = 4n, we must have
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Sn/2 = 2n + n/2. By Proposition 2.3 we get g(H) > 3n2 , which implies that
(2m ~ 1)(g(H) = 1) 2 m(3n - 6) - 22
Hence we obtain n—12
(2m = 1)(g(H) = 1) 4L (H) 2 (n = 4)(m = 2) + "=

Thus if n > 12 (resp. n = 8,10 and m > 3, resp. n = 6 and m > 4), then we get (2m —1)(g(H) — 1) >
{L..(H). By Propositions 2.3 and 3.1 (2) we may assume that g(H) < 2n — 3. If n = 8 or 10, then
g(H) < 17, which implies that 3(g(H) — 1) > §Lo(H)®. If n = 6 and m > 4, then g(H) < 9, which
implies that H is Weierstrass™®). o

In the remainder of this section we will investigate whether H with s(H) = 3n is non-Buchweitz. In
the case where Ind(H) = 2 we see the following result :

Proposition 3.3 If H is an n-semigroup of index 2 with s(H) = 3n, then it is non-Buchweitz.

Proof. We have L(H) = {1,...,n — 1,l,,lp,41} or {1,...,n — 1,n + n/2}. Hence the statement
follows from Theorem 1.6 in 6). a

In the case where H has heigher index we get the following results :

Theorem 3.4 Let H be an n-semigroup with s(H) = 3n.
W 11 (en) > 252

] + 4, then H is non-Buchweitz.
(2) If% +d <Ind(H) < g + 4, then we have

fLm(H) < (2m —1)(g(H) — 1) for all m > 3.

Proof. By the similar way to the proof of Theorem 3.2 we have
(2m — 1)(g9(H) = 1) — §Lm(H) > (2m — 1)(Ind(H) - 8) — n.

Hence we get our results. m]
Corollary 3.5 If n < 12, then all primitive n-semigroups H are non-Buchweitz.

Proof. By Proposition 3.1, Theorems 3.2 and 3.4 (1), and Proposition 3.3 we only consider the case
where s(H) = 3n and 3 < Ind(H) < [n+2

] + 6 —1. Let n = 6. It suffices to only consider the

case where Ind(H) = 3 and s3 = 15. Then g(H) = 7, which implies that it is Weierstrass”). Let
n = 8. It suffices to consider the cases where “Ind(H) = 3 and s4 = 12,20” or “Ind(H) = 4 and
sg = 20". If Ind(H) = 3 and s4 = 20, then g(H) = 9, which implies that it is Weierstrass®). If
“Ind(H) = 3 and s4 = 12” or “Ind(H) = 4 and s4 = 20", then by Theorem 3.4 (2) it suffices to check
that L, (H) < 3g(H) — 3. In view of g(H) = 10 the inequality holds®). Let n = 10. First we consider
the case s5; = 15. From Theorem 3.4 (1) and (2) it suffices to check that §L,(H) < 3g(H) — 3 when
Ind(H) = 3 or 4. Since g(H) = 12 or 13, we get the desired result® . Next we consider the case s5 = 25.
If Ind(H) = 4 or 5, by Theorem 3.4 and 6) H is non-Buchweitz. If Ind(H) = 3, then there is 7 with
1 <i<9andi# 5such that L(H) = {1,...,9,10+1,15}. By Theorem 1.6 in 6) H is non-Buchweitz.
Let n = 12. First we consider the case s¢ = 18. It suffices to only investigate the case Ind(H) = 3.
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Then L(H) ={1,...,11,12+14,12+ j, 12+ k}, where 1, j and k are distinct positive integers which are
less than 12. By Theorem 4.3 in 6) we have §L,(H) < 3g(H) — 3 and §L3(H) < 5g9(H) — 5. Using the
inequality in the proof of Theorem 3.4 we get §L,(H) < (2m — 1)(g(H) — 1) for all m > 4. Next we
consider the case s = 30. In this case we must investigate the cases Ind(H) = 3,4. If Ind(H) = 4,
then L(H) = {1,...,11,18,12 + 4,12 + j}, where ¢ and j are distinct positive integers which are less
than 12 and which are different from 6. By the same method as above we can show that H is non-
Buchweitz. If Ind(H) = 3, then L(H) = {1,...,11,18,12+1}, where i is a positive integer which is less
than 12 and which is different from 6. It follows from Theorem 1.6 in 6) that H is non-Buchweitz. O

Using the results in 6) we get the following :

Example 3.6 For any n > 18 we denote by H(n) the n-semigroup with
L(H(n)) ={1,...,n—1,2n—8,2n — 3,2n — 2}.

Then s(H(n)) = 3n and Ind(H) = 3. By Theorem 4.7 in 6) if n > 44, then §L7(H (n)) > 13g(H(n))-13.
Thus H(n) is Buchweitz.

n—1

Proposition 3.7 Let d be an integer with 4 < d < [ ] + 2. Ifn > 14, then there exists an

n-semigroup H of index d with s(H) = 3n which is Buchweitz.

Proof. We set a(H) = (g, 1, --,0q(H)—1) Where a; = l;4; —i—1foreachi =0,1,...,9(H) — 1. Let
[ >3 and n—1 > 4i. We denote by H the n-semigroup with

aH)=0" n-1-2n-1-21+1,....n—-1-21+1-2,n—-1-1,n—1-1).
Then by Proposition 2.2 (1) in 6) we have §L;(H) = 3g(H) — 2, which implies that H is Buchweitz.
Since n + 3 and n + n — 3 belong to H, we have s(H) = 3n, which implies that Ind(H) = I + § by

Proposition 2.4 (3). We note that in the case | = (n — 2)/4 we have s,/ = 2n + n/2, otherwise
Spj2 = n+n/2. Let n = 0 mod 4. Then s,/ = n + n/2, which implies that Ind(H) = [ + 1 with

3<1<(n—4)/4. Thus we have 4 < Ind(H) < [nT—l] +1. Let n =2 mod 4. In the casel = (n—2)/4

we have Ind(H) = (n — 2)/4 + 2, otherwise Ind(H) = I + 1. Thus we get 4 < Ind(H) < [n 1 1] or

Ind(H) = [";1] %5,

Moreover, we consider other n-semigroups H' as follows : For any integer [ with! > 3 and n—1 > 4I,
let

aH)=0"'n-1-2,n-1-2,n—-1-2l+1,....n—-1-2l+1-1,n—1-2+1-1).

Then §L,(H') = 3g(H')—3+1—2 > 3g(H') — 2, which implies that H' is Buchweitz. Let n = 0 mod 4.
Then s,/ = n + n/2, which implies that Ind(H') = [ + 2 with 3 < [ < (n —4)/4. Thus we have

5 <Ind(H') < [n ; 1] +2. Let n = 2 mod 4. In the casel = (n—2)/4 we have Ind(H') = (n—2)/4+3,

n—1 n—1

] +1or Ind(H') = [ ] + 3. Hence

otherwise Ind(H') =1 + 2. Thus we get 5 < Ind(H') < [

we get our desired examples. ]

In the remaining cases we get the following proposition :

n+ 2

-1
Proposition 3.8 For each d with [n—4—] +3<d< [ ] + 1 there exists an n-semigroup H
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of indez d with s(H) = 3n which is Buchweitz.

. n—1
Proof. Wesetz:d—[ 1

we denote by H(n,d) the n-semigroup

]—4. Let n = 0 mod 4. For any d with [nT—l] +4§d§[

L(H(n,d))={1,...,n—1,n+g—1,n+g,n+%+2,...,

n+g+2i+2,n+g+2~(i+2),...,n+%4—2-%4—
Then we have g(H(n,d)) = n+d—2 and s(H(n,d)) = 3n. In view of s,/ = 2n 4+ n/2 it follows from
Theorem 2.4 (3) that Ind(H (n,d)) = d. It is easy to check that Ly(H(n,d)) = {2,...,4n — 2}, which
implies that §Lo(H (n,d)) — (3g(H (n,d) —2) = n—3d+5 > 0. Thus H(n,d) is a Buchweitz n-semigroup

,2n — 1}

of index d. Next, we consider the case d = [n_;l_] + 3. For any n > 20 we denote by H(n,d) the
n-semigroup
L(H(n,d))={1,...,n—1,n+g—l,n+g+1,n+g+2-1,...,n+g+2- "4;4,211—1}.

Then we have g(H(n,d)) = n+d —1 and s(H(n,d)) = 3n. In view of s,/; = n + n/2 it follows from
Theorem 2.4 (3) that Ind(H (n,d)) = d. Moreover, we have Ly(H(n,d)) = {2,...,3n—2,3n,...,4n—2},
which implies that §L2(H (n,d)) — (3g(H(n,d) — 2) = (n — 20)/4 > 0. If n = 16, then we denote by
H(16,6) the 16-semigroup

L(H(16,6)) = {1,...,15,20,22,27,28,30,31}.

Then we have g(H(16,6)) = 21, s(H) = 48 and Ind(H(16,6)) = 6. Moreover, we have L(H(16,6)) =

{2,...,62}, which implies that §L,(H(16,6)) = 3g(H(16,6)) — 2.

Let n = 2mod 4. For any d with [HT_I] +4<d< [HZZ

] + 1 we denote by H(n,d) the

n-semigroup

L(H(n,d)):{1,...,n—1,n+%—1,n+g,n+-g+2,...,

n+g+2i+2,n+g+2-(i+1)+1,...,n+g+2-%+1,2n-1}.
Then we have g(H(n,d)) = n +d — 2, s(H(n,d)) = 3n and Ind(H(n,d)) = d. Now we have
Ly(H(n,d)) = {2,...,4n—2}, which implies that §L;(H(n,d)) — (3¢(H (n,d) —2) = n—3d+5 > 0. Mo-

|+ o

roeover, the proof of Proposition 3.7 gives one of the Buchweitz n-semigroups of index n 1
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