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Abstract

We construct Weierstrass pairs of ramification points on a bielliptic curve.

that is, a double covering of an elliptic curve.
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81. Introduction.

Let (" be a complete nonsingular curve of genus g > 2 over an algebraically closed field of characteristic
0. which is called a curve in this paper, and K(C') the field of rational functions on ('. Let P be a point
of (". We define the Weierstrass semigroup H(P) of the point P by

H(P) = {a € N| there exists f € K(C) with (f)x = aP}.

where N denotes the additive semigroup of non-negative integers. The least positive integer in H(P)
is called the first non-gap of P. The point P is called a Weierstrass point it N\H (P) # {1,2,... ,g}.
ie., dim H°(C,Ox(gP)) > 2 where for any divisor D on C we set

H%(C,0c(D)) = {f € K(C)|div(f) > -D}.

Let P and @ be distinct points of C. We call the pair (P, Q) a Weierstrass pair of points if there
exist positive integers a and 8 with a+ 3 = g — 1 such that dim H°(C, Oc(aP + 8Q)) > 2. We define
the Weierstrass semigroup H (P, Q) of the pair (P, @) of points P and @ by

H(P.Q) = {(a,8) € N x N| there exists f € K(C) with (f)o = aP + 30Q}.

Arbarello, Cornalba, Griffiths and Harris') introduced the notions of a Weierstrass pair and the Weier-
strass semigroup of a pair of points on a curve and they investigated their properties. Kim? and
Homma?®) developed their idea. In the case of a hyperelliptic curve C'. the semigroup H(P,Q) is de-
termined explicitly by Kim?'. In the case of a curve C' of genus 3. the semigroup H(P.Q) is also
determined by Kim and Komeda®. The semigroup H(P.Q) of the pair (P.Q) of points whose first
non-gaps are three is determined completely by Kim and Komeda®'. Moreover, Kim and Komeda
determine the semigroup H (P, Q) of ramification points P and () on a cyclic covering of the projective
line P! of degree 4 (resp. prime degree p > 57).

In this paper, we construct Weierstrass pairs of ramification points on a bielliptic curve using the

method of the construction of a bielliptic curve which is due to Park®.
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§2. Park’s construction of a bielliptic curve.

In this section we shall review the semigroup H(P) of a ramification point P on a bielliptic curve and

the construction of a bielliptic curve of genus g from an elliptic curve according to Park’s method® .

Remark 2.1. Let C be a bielliptic curve of genus g > 6.
i) There exists a unique double covering map from C to an elliptic cuve E. Let 7 : ' — E be the
unique double covering.
ii) If P is a ramification point of 7, then the semigroup H(P) is either < 4,6,2g — 3 > or
< 4,6,2g—1,2g+1 > where for positive intergers ay, ... ,a, we denote by < a;. ... ,a, > the semigroup

generated by a;,... ,an.

Definition 2.2. A ramification point P on a bielliptic curve C of genus g > 6 is said to be of heavy
type (resp. of light type) if H(P) =< 4,6,29 — 3 > (resp. < 4,6,29 — 1,29+ 1 >).

We reveiw Park’s method®). Let E be the elliptic curve defined by a lattice A = 7, Z + 7,Z, that is,
E = C/A, where 7, and 7, are complex numbers which are linearly independent over R. Then we have
a one to one correspondence between the set ® = {t171 + t272 : 0 < t1,t2 < 1} and the points of E.
Let

my mao
A = = tmy,me=0,1,...,9—
1 {g—171+g—172 my,my=0,1,...,g 2}\{0}

and
Ay =32 e Y2 :ny,ng =0,1 g—3p\{0}
2 g - 2 g= 2 1,12 y digr o o ooy .
Then the subsets A; and A, of & are disjoint. The cardinality of A, (resp. A») is g> — 2g (resp.
g9° —4g + 3). We define a subset A, of A; x A; and a subset Ay of Ay x A, as follows:

i =F)= =2
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g—271 g—'2 . 27 9_272 .

Note that tA; > g and §A, > g — 1. Using the above sets Park® consructed bielliptic curves of genus
g with s ramification points of heavy type for s < 2g — 2 and s # 2,29 — 3. For example, let s be an
even integer with 4 < s < 2g — 2. We set

< ~ 1 g—2 1 1 g—2 g—2 1 g—2
A=A , . ; 9-2 \.
1 1\{(9_171 g__l’yl>)(g_IPh+g_‘l’yhg__l’yl+g_172)7(g_1727g_172
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—4 -
Choose g elements (z1,x2), (23,74),--- ,(Ts—5,Ts—q) in Aj. Set
g-2 g-—2 1
=0,25-3 = ylg—2 = dz,_; = 5.
To Ts-3 g—171 Ts—2 g_1’71+g_1’72an Ts—1 g_l’n

t -
Let t =2g — 2 — s. Choose 3 elements (y1,¥2), (¥3,¥4),--- , (Yt—1,¢) in Ag. Then it follows that

s—1 t
Zz,’ +Zyj - (29— 3)zo =0 mod A,
i=1 j=1

(9—1)(zo—z;)=0mod Afori=1,...,s—1and (g —2)(zo —y;) = mod Aforj=1,... ¢

Let P; (resp. @;) be the point on E corresponding to z; (resp. y;). Then there exist f, fi and h; in
K(E) such that
(f)=Pi+ - +P1+Qi+ -+ Q- (29-3)h,

(fi)=(@—-1)(Py—P)fori=1,...,s—1land (h;) = (9 —2)(Po—Qj) forj =1,... ,t.

Let C be the curve with function field K(E)(f %). By Riemann-Hurwitz formula C is a bielliptic curve
of genus g. If P; (resp. Qj) be the preimage of P; (resp. (;), then it is of heavy type (resp. light type).

§3. Weierstrass pairs of ramification points on a bielliptic curve.

In this section we construct Weierstrass pairs (P, Q) of ramification points on a bielliptic curve with
mP ~mQ and nP # nQ for any n < m when the integer m satisfies certain conditions, where for any
divisors D and D', D ~ D' means that D and D' are linearly equivalent. First we note the following:

Remark 3.1 Let C be a bielliptic curve of genus g > 6. If P and @ are ramification points on C,
then (P, Q) is a Weierstrass pair of points.

Proof. Let 7 : C — E be the double covering of the elliptic curve E. If we set P’ = 7(P) and
Q' = 7(Q), then there is f € K(E) such that (f)e = P’ + Q'. Hence we get (7*(f))o = 2P +2Q,
because P and Q are ramification points. Thus, we have dim H°(C,Ox(aP + 8Q)) > 2 for integers o
and f which are at least 2, which implies that the pair (P, Q) is Weierstrass. a

By the above Remark it suffices to find ramification points P and @ on a bielliptic curve of genus g
with mP ~ mQ and nP « nQ for any n < m when the integer m satisfies certain conditions.

I. The case where P and Q are of heavy type. The divisors (29 — 2)P and (2g — 2)Q are canonical,
because P and Q are of heavy type. Hence we get (29 — 2)P ~ (2g — 2)Q. Thus, we may assume that
m < 2g — 2 and that 2g — 2 is divisible by m. Moreover, m must be even. Suppose that m were odd.
We have m €< 4,6,2g — 3 >, because P is of heavy type. Hence, m = 2g — 3, which implies that
P ~ Q. This is a contradiction. Now we fix an even integer m = 2m’ with 2 < m' < g — 1 such that

g — 1 is divisible by m’. Let E be the elliptic curve in Section 2. The notations in Section 2 will be
!

1 m ~
used. First, let 2 < m’ < g — 1. Then g > 7. In this case we get (771—’71’ —m,—'yl) € A}. We can

_ 1 m —1

choose g — 3 elements (z1.22). ... ,(Z29—7, T2g—6) in A} such that z; = %—,’yl and z-> = m Y. Set

1 =2 g—2
2o =0,22,_5 = yT2g—4 = 5 and Ty,_3 = o. Then, it follows that
Lo ; L2g-5 g—lnh T2g—4 g_lvl-’r—g_l'yzan Tyg-3 g—172 n, it follows tha

29—6

"1 g—2 g—2 1
T1 + T e — (29— 3)zo =0 mod A
1 m2+;z1 g—1+(g—1%+g—172)+g—172 (29 — 3)xo

and (g —1)(xo — ;) =0mod Afori=1,...,29 - 3.
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Moreover, m'(z¢ — 1) = 0 mod A and n'(z¢ — 1) # 0 mod A for 1 <n’ < m'. Let P, be the point on
E corresponding to z; for i = 0,1,...,2g — 3. Then there exist f and f, in K(E) such that

(f)=> P—(20-3)P and (fi)=m/(P,— Py).

Moreover, for any 1 < n’ < m' there is no h € K(E) such that (k) = n'(Py — P,). Let C be the
curve with function field K(E)(f %). Let m : C — E be the double covering. We denote the preimage
of P; by P,. Since H(P,) 5> 29 — 3, the ramification point Py is of heavy type. Moreover, for any
i=1,...,2g9 — 3 the ramification point P; is also of heavy type, because (29— 2)P; ~ (29— 2)By. 1
nPy ~ nP, with n < 2m' = m < 2g — 2, then n must be even. But this contradicts the minimality
of m'. Therefore, if we set P = Py and Q = P;, then the pair (P,Q) is the desired one. Second,
let m' = g — 1. In this case, choose g — 3 elements (z1,%2),... . (T2g—7,%2,—¢) in A}, and set zo =
— 171::1;29_4 = ifyl +g - I'YQ. If we set P = P, and Q= I.’gy_s,
then the pair (P, Q) is the desired one. Labtly, let m' = 2. Set

AII_A\ 1 9_2 %3 !g__l
1= 81 9_1’71;9_1’71 s 9_17179_171 -

0, T2g-5 = Y2 and Tog—3 =

Then ﬁA'l' > g — 2. Choose g — 3 elements (21,Z3),...,(T29—7,%29—6) In A'l'. Set g = 0,295 =
1 g=3 g—1

. T T2g-4 = . 2 I and 9,3 = —2 = 5t Then, it follows that
_ _ g-

29—6

Z Ti+ Tog—5+ Tog—q +Tog—3 — (29 - 3)1)0 =0 mod A.

i=1
In the similar way to the case 2 < m' < g — 1 if we set P = Py and Q = 1329_3, the pair (P, Q) is the
desired one. O

II. The case where P is of heavy type and Q is of light type with m < 2g —2. The divisor (29— 2)P is
canonical and (2g — 2)Q is not canonical. Hence we get (29 — 2)P # (2g — 2)Q. Thus, we may assume
that 2g — 2 is not divisible by m. Moreover, m must be even, because of m < 2¢g — 2. Now we fix an
even integer m = 2m’ with 2 < m' < g —1 such that g — 1 is not divisible by m’. Choose g — 4 elements

(T1,22),... ,(T29—9,T24—35) in A’l. Set
1 g—2 g—2
= 0, 7= —", e = .
Zo Z29-7 g—171 Z2g-6 g—1’h+g—172‘
1 m -1 1
Tog-8 = V2 Tag-4 = . and T3 = —y.
Since g — 1 is not divisible by m', zo,x,... ,Zay_4, 72,3 are distinct. Then, it follows that
29-3

Z z; — (29 = 3)z0 =0 mod A and m'(zg — z2,—3) = 0 mod A.

Moreover, for any 1 < n' < m' we have n'(zg — 225—3) # O mod A. Let P; be the point on E
29—3

corresponding to x; for : = 0,1,... ,2¢g—3. Then thereis f € K(E) such that ( Z P,—(29—3)F,

Let the notation be as in I. If we set P = Py and Q = }529_3, then the pair (P, Q) satlsﬁes mP ~mQ
and nP + nQ for any n < m. a

III. The case where P and Q are of light type with m < 2g —2 and m|(2g — 2). Since m < 29— 2, m
must be even. Now we fix an even integer m = 2m’ with 2 < m’/ < g — 1 such that g — 1 is divisible by
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m'. First, let m’' #2,9 — 1. We set

~ ~ 1 g—2 1 2 g—2 g—3 3 g—4
Al'=4 ; - 9 — Y, — :
1 1\{(9—1%’9—17]>’(g—l’yﬁ_g—l%’g—l%+g—1’y‘)’(g—l’h’g—l’h

We note that Park used this set in his paper®). Choose g—4 elements (y1,y2), (Y3, Y1), - -- » (Y29—9, Y29—8)
A ioh i 1 —1-
in AY" which include (_171, g—1-g¢

m

g—1
Moreover, set

-1 1
71) where we set ¢ = g—,—, for example, let y; = —m.
m m

1 1 g—2
Yo =0,y29-7= . o + Py 172, Y29-6 = g—_—l’h + pom 772
g—3 g—2 g—4 1
Yag—s = o~ it F’Y?ay2g—4 == o and  yzg—3 = ng”;l-
Then we obtain
2g—4

> i+ 3y2-3 — (29 — )yo = 0 mod A.

=1
Let Q; be the point on E corresponding to y; for i = 0,1....,2¢g — 3. Hence, there exists f € K(E)

such that
2g—4

(F)= 3 Qi +3Q2-3— (29— 1)Qo-

i=1
Let the notation be as in L If we set P = Qo and Q = Q;, then the pair (P, Q) is the desired one.
Let m' =g—1. If we set P = Qo and Q = Q29_3, then the pair (P, Q) is the desired one. Lastly, let

2. We
-3 9+1
A _ A" 2 9-3 5 ;
A=A .
1 1\{(g_l’)’l’g_l%)7<g_1”/17g_171

Choose g — 5 elements (y1,y2), (U3, Ya)s - - - » (Yag—11,Y29—10) in ALY Set

1 =3 1
Yo =0,y29-0 = 571,Y29-8 = g—1 YT = oM + g1
Y29-6 = g—%% + gg]—_%’w,mg—s = z_ i”h =+ g__?72792g—4 = z_ ?"/1 and yo,-3 = 7 1 l’Yl-
Then, we obtain
2g9—4
Z Yi + 3y29—3 — (29 — 1)yo = 0 mod A.
i=1

Let Q; be the point on E corresponding to y; for i = 0,1,...,2g — 3. Hence, there exists f € K(E)

such that
2g—4

()= Qi+3Q2-3— (29— 1)Qo.

=1

If we set P =Qp and Q = Qgg_g, then the pair (P, Q) satisfies the required condition. 0O
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